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Abstract

We study finite stochastic partial monitoring (PM) games with side information,
a paradigm of sequential learning with partial feedback. On each round t ∈ [T ],
both player and environment observe a context and player chooses an action and
environment simultaneously chooses an outcome. The player neither observes the
outcome nor the loss; instead they only observe a feedback symbol which is partially
informative about the outcome. We utilize the Estimation-to-Decisions (E2D) meta-
algorithm of Foster et al. (2021) to design E2D.PMSide, a computationally-efficient
framework for contextual partial monitoring, which uses an online regression oracle
to efficiently estimate the outcome distributions based on historical (context, action,
feedback symbol) tuples. Since the exploration rule given by the original E2D
algorithm is intractable to compute, we propose two computationally-efficient
exploration rules that achieve optimal regret orders in T : in the globally observable
setting, our exploration rule is based on ϵ-greedy, while in the locally observable
setting, our exploration rule uses inverse gap weighting (Foster & Rakhlin, 2020)
which was previously only known to be effective in the bandit setting. We show
that a variant of E2D.PMSide named OE2D.PMSide can be combined with offline
regression oracles to give an efficient algorithm with optimal regret when the
contexts are drawn independently from a fixed distribution. We evaluate our
algorithm on a synthetic label-efficient prediction game and an LLM routing task,
in which a learner decides from prompt, uncertainty and internal state features
whether to escalate a query from a weak model to a strong one. We show that our
method has superior performance than prior approaches.

1 Introduction
The contextual stochastic partial monitoring problem (Bartók & Szepesvári, 2012) is an online
learning problem where the learner repeatedly takes actions so as to minimize its loss based on the
environment’s partial feedback. At the beginning of the game, the learner and the environment are
given a pair G = (L,Φ) of k×d matrices, where k is the number of actions available to the learner and
d is the number of outcomes available to the environment. The loss matrix L ∈ [0, 1]k×d records the
loss Lao incurred when the learner plays action a and the environment’s outcome is o. The feedback
matrix Φ ∈ Σk×d records what the learner is shown instead: playing a against outcome o reveals the
feedback symbol Φao from a finite alphabet Σ = {1, . . . , m}. The interaction between the learner and
the environment proceeds over T rounds. At round t the learner observes a context xt (which may be
chosen adversarially), samples an action At ∼ pt(⋅ ∣ xt) according to a policy pt ∶ X →∆(k), and the
environment draws an outcome Ot from some stochastic distribution q∗(xt) independently of the
learner’s randomization. The learner then observes the feedback symbol σt = ΦAtOt and incurs the
loss LAtOt , which remains hidden. The goal of the learner is to minimize its regret, which is the
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difference between its expected cumulative loss and that of the best policy in hindsight:

RegT ∶=
T

∑
t=1
(p⊺t Lq∗(xt) − min

λ∈∆(k)
λ⊺Lq∗(xt)) .

Contextual stochastic partial monitoring has many applications, such as learning from one-sided
feedback (Helmbold et al., 2000; Sculley, 2007), dynamic pricing (Kleinberg & Leighton, 2003), data
procurement in crowdsourcing (Singla et al., 2014), and label-efficient prediction (Helmbold et al.,
1997). Below we give two examples:
Example 1: LLM routing. Modern Large language models (LLM)-based question-answering
service optimizes its cost-efficiency by operating in a hybrid mode (Ong et al., 2025; Chen et al.,
2023; An et al., 2026; Li et al., 2026) : it keeps two LLMs – one weak but cheap and one strong but
expensive; and given a prompt, it judiciously decides which LLMs to route the prompt to, obtaining
its response. At time step t, the service receives a new prompt represented by context xt, and the weak
model generates a response at negligible cost, and the router then either serves the weak response (a1)
or queries the strong model and serves its response (a2). The environment’s (hidden) outcome is
whether the weak response agrees with the strong one (o1) or does not agree (o2). We take the strong
model to be correct and to cost 1 per query, and we incur cost of ℓ01 > 1 when a served weak model’s
response is wrong. Partial monitoring enters through the feedback: serving the weak response never
reveals whether it was correct, so both outcomes yield the same symbol ⊙, and only querying the
strong model distinguishes them. The game’s loss matrix and feedback matrix are summarized below:

L = [
o1 o2

a1 0 ℓ01
a2 1 1 ], Φ = [

o1 o2

a1 ⊙ ⊙
a2 � ∧ ].

This game was also referred to as the Apple Tasting game Helmbold et al. (2000) in earlier works.
Example 2: contextual label efficient prediction game (Lattimore & Szepesvári, 2020; Helmbold
et al., 1997). Suppose we would like to learn a spam filter online, which predicts whether an email
is spam (o1) or not (o2) based on its text features (xt) and directs it to the inbox (a2) or spam folder
(a3). There is also a third option (a1) where the system can ask the recipient/expert for classification,
which is accurate but incurs a fixed cost. Only when the learner chooses action a1 does it get to see
the true label of the email. The game’s loss matrix and feedback matrix are summarized below:

L =
⎡⎢⎢⎢⎢⎢⎣

o1 o2

a1 c c
a2 1 0
a3 0 1

⎤⎥⎥⎥⎥⎥⎦
, Φ =

⎡⎢⎢⎢⎢⎢⎣

o1 o2

a1 � ∧
a2 ⊙ ⊙
a3 ⊙ ⊙

⎤⎥⎥⎥⎥⎥⎦
.

Depending on the feedback structure, finite stochastic partial-monitoring games are classified into
four categories (classification theorem): trivial, easy, hard, and hopeless games (Bartók et al., 2011;
Lattimore & Szepesvári, 2020). In hopeless games, the feedback is too uninformative to support
meaningful learning, and the regret might grow linearly with the time horizon (Ω(T )). In contrast, in
trivial games, there exists an action which is optimal for every outcome; consequently, they can be
solved with zero regret. The main cases requiring more refined analysis are easy (Θ(

√
T )) and hard

games (Θ(T 2/3)). Both classes satisfy global observability, which we define shortly. In addition,
easy games satisfy local observability, whereas hard games do not.
Related work: partial monitoring with side information. We adopt the contextual partial
monitoring setting of Bartók et al. (2012a); Heuillet et al. (2024), and use the terms contextual partial
monitoring and partial monitoring with side information interchangeably for it. The classification of
easy and hard games established for finite stochastic non-contextual partial monitoring (Bartók et al.,
2011; Lattimore & Szepesvári, 2020) extends to this setting, at least in the minimax regret’s dependence
on T . First, the non-contextual lower bounds of Bartók et al. (2011) transfer immediately, since a
non-contextual game can be viewed as a contextual game with a dummy context. Second, for the upper
bounds, Foster et al. (2022) shows the equivalence between the Decision-Estimation Coefficient Foster
et al. (2021) and the exploration-by-optimization (ExO) objective of Lattimore & Szepesvári (2020),
which implies that the contextual version of the Estimation-to-Decision algorithm (Foster et al., 2021,
Section 8) achieve regrets that match optimal rates given by ExO. These optimal statistical guarantees
come at a computational cost, however: the algorithm attaining them selects each action distribution
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by solving a minimax problem at every round, which is not known to be tractable (see Section 2.3
for further discussion). Furthermore, our work is closely related to Lattimore & Szepesvári (2019;
2020); Lattimore (2022); Lattimore & Gyorgy (2021) and Foster et al. (2022). A detailed discussion
is deferred to Appendix A.

Meanwhile, computationally efficient algorithms have been proposed for contextual stochastic partial
monitoring, by imposing strong assumptions on the function class that models the true outcome
distribution q∗. Utilizing generalized linear models for modeling (functions of) q∗, Bartók et al.
(2012a) proposed CBPSide, a deterministic algorithm based on confidence intervals that extends
UCB-style methods from the bandit setting; it applies only to easy games, where it achieves
O(
√

T ) regret. Heuillet et al. (2024) later introduced CBPSide∗ and its randomized counterpart
RandCBPSide∗, which cover both classes, attaining O(

√
T ) regret on easy games and O(T 2/3) on

hard ones. Kirschner et al. (2023) studies the linear partial monitoring and its contextual extension,
which generalizes contextual finite partial monitoring; however, they require that the mappings from
(context, action) to the expected reward and the signal feedback to be (context-independent) linear
functions.

This motivates the question that drives our work: are there computationally efficient algorithms for
contextual partial monitoring that support general function approximation and attain the optimal rates?
In this paper, we answer this question affirmatively. Specifically, we make the following contributions:
Contributions. (1) we propose an algorithmic framework E2D.PMSide that reduces stochastic
contextual partial monitoring to online regression. It is based on the E2D (Estimation to Decision)
framework (Foster et al., 2021), where the algorithm aims at finding an exploration distribution that
certifies a low Decision-Estimation Coefficient (See Section 2.3 for its definition); our key observation
is that this can be done by optimizing a surrogate objective that trades off between greediness
and coverage, which paves the way for the design of efficient algorithms for contextual partial
monitoring. (2) Based on the above relaxed objective, we instantiate E2D.PMSide in the globally
observable and locally observable games to obtain ϵ-Greedy.PMSide and SquareCB.PMSide
algorithms respectively, achieving regret of optimal order in T in their respective settings. These, to
our knowledge, are the first computationally efficient contextual partial monitoring algorithms with
general function approximation. (3) When the contexts are iid, we propose a variant of E2D.PMSide
named OE2D.PMSide, which is an efficient stochastic contextual partial monitoring algorithm based
on offline regressions, a computational primitive that can admit simpler implementations in practice.
(4) We evaluate SquareCB.PMSide in two contextual partial monitoring tasks: label-efficient
prediction and LLM routing, and show that it outperforms several baselines.

2 Preliminaries
Basic Notation. We write 0 and 1 for the all-zeros and all-ones column vectors, e1, . . . , ek for the
standard basis vectors, and bold symbols for matrices. For a vector or matrix A, ∥A∥∞ =maxij ∣Aij ∣
is the entrywise maximum norm, Mi denotes the vector generated by i-th row, and Mij denotes the
element at i-th row and j-th column. For two distributions u and v, D2

H(u ∣ v) denotes their squared
Hellinger distance. Let co(S) denote the convex hull of a set S. For a subset A ⊆ [k] we write
∆(A) ∶= {λ ∈∆(k) ∶ λb = 0 for all b ∉ A} for the face of ∆(k) supported on A. Elements of ∆(A)
remain k-dimensional vectors; they simply place no mass outside A.
Signal matrix. (Komiyama et al. (2015)) Given a feedback matrix Φ, it is convenient to describe
the feedback of a single action as a linear map. The signal matrix of action a is the m × d matrix Sa

with Sa[σ, o] = 1{Φao = σ}. Writing ∆(n) for the probability simplex on n elements, if the outcome
is drawn from q ∈ ∆(d) then Saq ∈ ∆(m) is precisely the distribution of the symbol observed on
playing a. Two candidate outcome distributions q1, q2 are therefore distinguishable through action a
exactly to the extent that Saq1 and Saq2 differ; and it is this quantity, rather than the gap between q1
and q2 themselves, that governs what the learner can hope to identify. Recall that in our stochastic
contextual partial monitoring problem, each round is preceded by a context xt drawn from a set X ,
and the outcome distribution depends on it: outcomes follow q∗(xt) for an unknown q∗ ∶ X →∆(d).
The learner is given a model class Q ⊆ {q ∶ X →∆(d)}, which we assume is well-specified.
Assumption 2.1 (Realizability). The model class Q contains the true outcome distribution q∗.

2.1 Structure of partial monitoring games
We now review some basic structures of partial monitoring games revealed in prior works.
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Definition 2.1 (Cell decomposition, Bartók et al. (2012b)). The cell Ca of action a is defined as the
subset of outcome distributions where action a is optimal. Formally, Ca = {q ∈∆(d) ∶ (ea−eb)⊺Lq ≤
0,∀b ∈ [k]}. The collection {Ca ∶ a ∈ [k]} is called the cell decomposition.

Neighborhood graph (Lattimore & Szepesvári, 2020). Cells that meet in a face of dimension d−2
correspond to actions that can be optimal simultaneously, and this adjacency structure organizes the
analysis that follows. Call an action Pareto optimal when its cell is full dimensional, dim(Ca) = d− 1,
taking the dimension of a polytope to be that of its affine hull, and write Π for the set of such actions
together with ∆(Π) ∶= {λ ∈ ∆(k) ∶ λb = 0 for all b ∉ Π} for the corresponding face of ∆(k). The
remaining actions are of two kinds: a is degenerate when Ca ≠ ∅ but dim(Ca) ≤ d−2, and dominated
when Ca = ∅. Since dim(∆(d)) = d − 1, neither kind is ever uniquely optimal; each is optimal
only on a set of measure zero. A game with no degenerate actions is called non-degenerate, and
two actions are duplicates when their loss rows coincide, (ea − eb)⊺L = 0. Two Pareto optimal
actions are neighbors when their cells meet in a face of the largest dimension short of coincidence,
dim(Ca ∩ Cb) = d − 2; the intersection reaches dimension d − 1 only for duplicates. Writing E for the
resulting edge set, (Π,E) is the neighborhood graph of G.

2.2 Observability
In partial-monitoring games, the learner observes feedback rather than the losses or rewards associated
with its actions. Therefore, a central challenge is to infer (differences of) losses of actions from the
observed feedback symbol. Whether this is possible depends on the interplay between the loss matrix
and the feedback matrix.
Definition 2.2 (Global observability, adapted from Bartók et al. (2012b) and Lattimore & Szepesvári
(2020)). A partial monitoring game is globally observable if, for every pair of actions (a, b) ∈ [k]×[k],
there exists a witness function w(a,b) ∶ [k] ×Σ→ R such that

Lao −Lbo =
k

∑
c=1

w(a,b)(c, Φco), for all o ∈ [d].

Definition 2.3 (Local observability, Lattimore & Szepesvári (2020)). A globally observable, non-
degenerate partial monitoring game is locally observable if for every edge e = (a, b) ∈ E of the
neighborhood graph the witness function we of Definition 2.2 may be chosen to be supported only on
the endpoints, that is we(c, ⋅) ≡ 0 for all c ∉ {a, b}, so that

Lao −Lbo = ∑
c∈{a,b}

we(c, Φco), for all o ∈ [d].

By definition, every locally observable game is a globally observable game. Under global observability,
the loss difference Lao −Lbo may depend on feedback from all actions c ∈ [k], whereas under local
observability, it can be expressed using only the feedback from the sequence of actions in E connecting
a and b. Consequently, locally observable games permit more direct loss-difference estimation than
globally observable games in general. Since trivial games and hopeless games are not interesting
from an algorithm design perspective, for the remainder of the paper we focus on globally observable
games.
Assumption 2.2 (Global observability and non-degeneracy; Lattimore & Szepesvári (2020)). We
assume that the partial-monitoring game G = (L,Φ) is globally observable, non-degenerate, and
contains no duplicate actions.

For simplicity, we maintain this assumption throughout the remainder of the analysis, following
Lattimore & Szepesvári (2020). We discuss implications of non-degeneracy and possible relaxations
in Appendix C.4.

2.3 The E2D meta-algorithm for interactive decision making
Foster et al. (2021) proposes E2D (Estimation-to-Decision), a meta-algorithm for interactive decision
making, which reduces interactive decision making to online estimation. The E2D meta-algorithm
yielded many practical algorithms for decision making, especially for contextual bandit problems (e.g.,
Foster & Rakhlin, 2020; Zhu et al., 2022; Zhu & Mineiro, 2022; Zhang et al., 2023). In a nutshell, at
each round, it calls an online model estimation oracle to obtain an estimated model q̂; based on q̂ and
context x, it solves a minimax optimization problem to obtain an exploration distribution p to take
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actions. Specialized to partial monitoring, the optimization problem can be written as:

min
p∈∆(k)

sup
q∈Qx,λ∈∆(k)

[p⊺Lq(x) − λ⊺Lq(x) − γ ⋅Ea∼p [D2
H(Saq̂(x) ∣Saq(x))]]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Vdec

γ (q̂(x),Qx,p)

, (1)

whereQx ∶= {q(x) ∶ q ∈ Q} ⊆∆(d) denotes the model classQ restricted to x. The objective explicitly
trades off between regret and information gain: the first part p⊺Lq(x) − λ⊺Lq(x) encourages p to
have a low regret, while the second part −γ ⋅Ea∼p [D2

H(Saq̂(x) ∣Saq(x))] encourages p to explore
diverse actions to correct q̂ and gain new information about q∗. The minimax value of the objective is
called the Decision-Estimation Coefficient (DEC) (Foster et al., 2021), denoted as decγ(q̂(x),Qx).
To help the learner make decisions efficiently, E2D requires access to an oracle that can provide
accurate estimation of the outcome distributions for all contexts online, which, when specialized to
our stochastic contextual partial monitoring setting, is defined as:
Definition 2.4. An online outcome estimation oracle AlgOn is an algorithm that estimates the
unknown outcome distribution q∗ from the data in a sequential fashion. That is, at each round t ∈ [T ],
given the feedback symbols collected so far, the oracle produces an estimate

q̂t = Alg(t)On({(As, xs, σs)}
t−1
s=1) ∈ co(Q),

where Alg(t)On denotes the map applied at round t and {(As, xs, σs)}
t−1
s=1 is the history available at the

beginning of round t (note that σs is an observed feedback symbol, but not the incurred loss).
AlgOn is said to satisfy a Hellinger regret bound of RegH

On (Q, T, δ) if its online Hellinger regret

RegH
On (Q, T ) ∶=

T

∑
t=1

Ea∼pt(⋅∣xt) [D2
H(Saq̂t(xt) ∣Saq∗(xt))] , (2)

is at most RegH
On (Q, T, δ) with probability 1 − δ.

We note that instead of requiring q̂t(xt) to be pointwise close to q∗(xt) on average, Definition 2.4
only requires their associated feedback distributions to be close on average. This is reasonable since
we can only use the feedback σs’s to guide our online learning of q̂t; in the extreme case, it is possible
that different q’s result in the same feedback distribution, making the underlying q unidentifiable.
Appendix B gives two concrete examples of the online outcome estimation oracle. For example,
For finite Q, Vovk’s aggregating algorithm (Vovk, 1995) attains RegH

On(Q, T, δ) = O(log(∣Q∣/δ)).
Equipped with an online outcome estimation oracle, E2D is known to have a regret bound of

RegT ≤ O (T max
x∈X

decγ(q̂(x),Qx) + γRegH
On (Q, T, δ)) ,

which translates to O(T 2/3) and O(
√

T ) regrets with optimal tuning of γ in globally and locally
observable settings, respectively (Foster et al., 2021). However, a key drawback of the naive E2D
algorithm is that directly solving the minimax optimization problem (Equation (1)) is computationally
intractable: although the objective is linear in p, it is not jointly concave in (q, λ). Nevertheless, it was
shown in Foster et al. (2021) that as long as distribution p certifies a small value of decγ(q̂(x),Qx)
(Equation (1)), i.e., it achieves a small Vdec

γ (q̂(x),Qx, p) value, E2D will have small regret. As we
will see, our algorithm design will utilize this observation to address the computational challenge.

3 Efficient algorithm for contextual partial monitoring
In this section we present E2D.PMSide (Estimation-to-Decision for Partial Monitoring with Side
information, Algorithm 1), which can be viewed as a specialization of the E2D meta-algorithm. At
every round t, E2D.PMSide obtains an outcome distribution estimate q̂t(⋅) (line 4) from an online
outcome estimation oracle with Hellinger regret guarantee. Then it uses q̂t(⋅) and observed context
xt to construct an exploration distribution pt that approximately minimizes an objective function
Vγ(q̂t(xt), p), a relaxation of the DEC objective Vdec

γ (q̂(xt),Qxt , p) (line 5). The choice of pt

balances two competing demands. The first term in the objective measures the loss of pt relative to a
comparator policy λ under the estimated outcome distribution q̂t(xt), and is small when pt exploits
what has been learned. The second term is a coverage term (which we will define shortly) that
measures the amenability of using feedback from following p in evaluating λ’s loss; the smaller the
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Algorithm 1 E2D.PMSide
1: parameters:

Online estimation oracle AlgOn
Exploration parameter γ > 0

2: for t = 1, 2,⋯, T do
3: Receive context xt

4: Compute estimate q̂t = Alg(t)On({As, xs, σs}t−1
s=1)

5: Find pt that approximately minimizes

Vγ(q̂t(xt), p) ∶= sup
λ∈∆(Π)

p⊺Lq̂t(xt) − λ⊺Lq̂t(xt)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

exploit

+ 1
γ
⋅Coverage(p, λ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

explore

.

using ϵ-Greedy.PMSide (Alg. 2) or SquareCB.PMSide (Alg. 3) for globally and locally
observable settings, respectively.

6: Choose action At ∼ pt and update the estimation oracle with (At, xt, σt)
7: end for

coverage value the better p is for exploration. The exploration parameter γ fixes the rate of exchange
between the two. We now define coverage formally.
Definition 3.1 (Coverage). We define the coverage of action distribution p ∈ ∆(k) for action
distribution λ ∈∆(k) for partial monitoring game G = (L,Φ) as

Coverage(p, λ) ∶= sup
q1,q2∈∆(d)

((λ − p)⊺L (q1 − q2))
2

Ea∼p [D2
H(Saq1 ∣Saq2)]

. (with convention 0
0 = 0)

To make sense of this definition it may be helpful to think about the following hypothetical offline
policy evaluation problem in non-contextual stochastic partial monitoring: suppose the outcome
distribution q∗ is unknown; we use a behavior policy p to take action and collect feedback symbols,
so as to estimate the expected loss of λ (more precisely, the expected loss difference between λ and
p); how much utility does each data point carry for such evaluation? Let q1 be q∗ and q2 be q̂, our
estimate of q∗ based on data. The numerator thus measures the squared policy evaluation error; the
denominator measures the in-distribution estimation error, which we expect to decrease with more
samples collected. A small Coverage(p, λ) implies that feedback signals via following p is useful in
estimating p and λ’s loss difference.

Our coverage in the above definition bears some similarities with the coverage defined in the contextual
bandit setting by Qin & Zhang (2026b), but is different in two important ways: (1) here, the numerator
and the denominator are with respect to the loss matrix (evaluation error) and the signal matrix
(information gain), respectively, where in the bandit setting they are defined both using the loss
function; (2) it is well-known that for some globally observable partial monitoring problems the
absolute value of a loss of an action is not identifiable (Lattimore & Szepesvári, 2020, Example 37.9),
and only loss differences between action pairs is identifiable; thus, the numerator in the coverage
measures the difference of losses of two policies. Our coverage also shares some similarities with
global and local alignment constants of (Kirschner et al., 2023, Eqs. (15), (16)), whose numerator
(⟨ϕa − ϕb, v⟩)2 can be interpreted as some estimation error of the loss differences between two actions
a, b, and the denominator ∥Mcv∥2 can be interpreted as the information gain of taking action c in
correcting the model estimation error v. Intead of measuring coverage between an action and a pair
of actions, our definition measures the coverage between two action distributions.

We now present the regret guarantee of E2D.PMSide:

Theorem 3.1 (Regret of E2D.PMSide). Suppose AlgOn has a Hellinger regret bound RegH
On (Q, T, δ).

Fix γ > 0. Then, for any δ ∈ (0, 1), with probability at least 1 − δ,

RegT ≤ T ⋅ Tmax
t=1
Vγ(q̂t(xt), pt) + γ ⋅RegH

On (Q, T, δ) .

Its proof is deferred to Appendix C.1. In a nutshell, our theorem follows from the meta-regret
theorem of Foster et al. (2021): as long as all action distributions pt certify that decγ(q̂(x),Qx) has
an upper bound, E2D has a small regret in terms of that bound. Indeed, our pt here certifies that
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Algorithm 2 ϵ-Greedy.PMSide for globally observable games
1: parameters:
2: Context x with predicted outcome distribution q̂(x)
3: Exploration parameter γ > 16k2β2

4: Let b̂ ∈ arg mina∈Π e⊺aLq̂(x)
5: return p = (1 − ϵ)eb̂ + ϵ 1

k
1 for ϵ = kβ/√γ

decγ(q̂(x),Qx) is upper bounded by Vγ(q̂t(xt), pt) (Please see Remark 3) ; and ideally, we should
choose exploration distribution pt’s that make Vγ(q̂t(xt), pt)’s as small as possible.

Unfortunately, finding pt that exactly minimizesVγ(q̂t(xt), p)may still be computationally intractable;
to see this, note that the definition of coverage involves supremum over a pair of outcome distributions
q1, q2, which is not a convex optimization problem. This motivates the question: can we find
computationally efficient exploration rules x↦ p(x) that approximately minimize Vγ(q̂t(x), p(x))
for all x? Indeed, we show in the following two subsections that such efficient exploration rule exist
and yield efficient implementations of E2D.PMSide.

3.1 Efficient algorithm for globally observable games
We show that in the globally observable setting ϵ-Greedy.PMSide (Alg. 2), yields a policy p satisfying
Vγ(q̂(x), p(x)) ≤ O(

√
1/γ), which gives an O(T 2/3) regret bound when plugged into E2D.PMSide.

ϵ-Greedy.PMSide identifies the empirical best action b̂ (Line 4) and assigns it probability 1 − ϵ,
spreading the remaining ϵ uniformly over all k actions (Line 5).
Lemma 3.1 (Guarantee for Alg. 2 for globally observable games). LetG = (L,Φ) be a globally observ-
able partial monitoring game in the sense of Definition 2.2, and set β ∶=max(a,b)∈[k]×[k]∥w(a,b)∥∞.
We have for any q̂ ∈∆(d),

Vγ(q̂, p) ≤ max
λ∈∆(Π)

pTLq̂ − λTLq̂ + 16β2

γ

k

∑
c=1

1
pc

.

Thus, for every γ > 16k2β2, every q̂ ∈∆(d), Alg. 2 outputs p such that

Vγ(q̂, p) ≤ O
⎛
⎝

kβ

√
1
γ

⎞
⎠

.

Proof is deferred to Appendix C.2. Furthermore, by combining Theorem 3.1 and Lemma 3.1, our
algorithm achieves the following minimax rate for globally observable games.

Corollary 1 (Regret of E2D.PMSide for globally observable games). Suppose AlgOn has a
Hellinger regret bound RegH

On(Q, T, δ). For a globally observable partial monitoring game
(L,Φ), set β =max(a,b)∈[k]×[k]∥w(a,b)∥∞. Then, for any δ ∈ (0, 1), and for any large enough T

that satisfies γ > 16k2β2 with γ = (Tkβ /RegH
On(Q, T, δ))2/3, with probability of at least 1 − δ,

E2D.PMSide run with Alg 2 as the exploration rule satisfies,

RegT ≤ O( 3
√

T 2k2β2RegH
On(Q, T, δ)) .

In the setting when Q is finite, setting the estimation oracle to be Vovk’s aggregating algorithm,
the above regret bound is of order O( 3

√
T 2k2β2 log ∣Q∣). In the noncontextual setting, when

Q = ∆(dQ), we can set the estimation oracle to be any efficient exp-concave optimization algo-
rithm (Hazan et al., 2007), which has RegH

On(Q, T, δ) = O(dQ ln T ), implying E2D.PMSide has
a regret of Õ( 3

√
T 2k2β2dQ). This matches the lower bound of non-contextual stochastic partial

monitoring (Bartók et al., 2011) with a simple computationally efficient approach.

3.2 Efficient algorithm for locally observable games
In the locally observable setting, we aim to give an efficient exploration rule that finds p such that
Vγ(q̂t(x), p(x)) ≤ O( 1

γ
), which yields a O(

√
T ) regret when plugged into E2D.PMSide. Under

7
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global observability, to estimate the loss difference between two actions (a, b), its associated witness
function w(a,b) may be supported on all actions (Definition 2.2), so recovering the difference between a
single pair of actions can require playing all k of them; this is why the certifying policy of Algorithm 2
mixes with the uniform distribution over [k]. In contrast, under local observability, the loss difference
between two neighboring Pareto optimal actions can be expressed using the feedback of those two
actions alone (Definition 2.3), and the difference between an arbitrary pair of Pareto optimal actions
is then recovered by chaining such local relations along a path joining them in the neighborhood
graph, so that only the actions encountered along that path need be played. Perhaps surprisingly, we
show that Inverse Gap Weighting, an exploration rule that was previously known to be effective for
exploration in contextual bandits (SquareCB.PMSide, Alg. 3), yields a optimal-regret algorithm
here without modification.
Lemma 3.2 (Guarantee for Alg. 3 for locally observable games). Let G = (L,Φ) be a locally
observable partial monitoring game in the sense of Definition 2.3. For every γ > 0, and every
q̂ ∈∆(d), Alg. 3 run with κ = γ

8km2 and µ = k, outputs p such that

Vγ(q̂, p) ≤ O(m2k2

γ
) .

Proof is deferred to Appendix C.3. Furthermore, by combining Theorem 3.1 and Lemma 3.2, we can
achieve the following minimax rate for locally observable games.

Corollary 2 (Regret of E2D.PMSide for locally observable games). Suppose AlgOn has a
Hellinger regret bound RegH

On(Q, T, δ). Let Assumption 2.2 hold, and suppose in addition
that the game is locally observable. Then, for any δ ∈ (0, 1), with probability of at least
1 − δ, E2D.PMSide run with Alg. 3 as the exploration rule (with κ = γ

8km2 and µ = k), with
γ = (Tm2k2 /RegH

On(Q, T, δ))1/2 satisfies

RegT ≤ O(
√

T ⋅m2k2 ⋅RegH
On(Q, T, δ)) .

For finite Q, Vovk’s aggregating algorithm gives O(
√

Tm2k2 log∣Q∣); in the non-contextual setting
withQ =∆(dQ), an exp-concave oracle (Hazan et al., 2007) gives Õ(

√
Tm2k2dQ). Both match the

minimax rate in T for this class. We next explain the key idea underlying the proof of Lemma 3.2,
which hinges on a sparse relaxation of the objective Vγ(q̂, p).

3.2.1 Sparse relaxation of Vγ(q̂, p)
We aim to find tractable relaxations of Vγ which sheds lights on finding efficient exploration strategies
for approximately minimizing Vγ . In particular, we aim to exploit the structured feedback mechanism
of locally observable games to restrict exploratory actions to those lying along paths that connect
pairs of actions whose loss differences are of interest. The neighborhood graph (Π,E) is connected.
Assign an arbitrary action rootT as the root and choose a spanning in-tree T (See Figure 1) such
that, there is a unique directed pathT (a) from any action a ∈ Π to rootT ∈ Π. Now, we can relax the
Vγ(q̂, p) as follows,

Lemma 3.3. Let G = (L,Φ) be a locally observable partial monitoring game in the sense of
Definition 2.3. Let T be an in-tree of the neighborhood graph. For all p ∈∆(Π), we have

Vγ(q̂(x), p) ≤ max
λ∈∆(Π)

pTLq̂(x) − λTLq̂(x) + 32
γ

max
e∈E
∥we∥2∞ ∑

(b∈Π,c∈Π)∶c∈path
T
(b)
(λb

pc
+ pb

pc
) . (3)

Proof is deferred to Appendix C.3. Above result is true for any in-tree with an arbitrary root. However,
in general, we do not want the paths to be arbitrary: for a “bad” action c and a “good” action b
(i.e., e⊺c Lq̂ is large while e⊺b Lq̂ is small), we would like pc to be small and pb to be large to ensure
pTLq̂(x) − λTLq̂(x) to be small; however, if c happens to lie in pathT (b), that can cause the λb

pc

term to be very large. How should the in-tree T be chosen so that the actions lying on each path are
ones we are willing to play? Our answer is to let the tree follow the estimated losses. We take T to be
Lq̂(x)-decreasing (that is for a directed edge e = (b, c), e⊺bLq̂(x) ≥ e⊺cLq̂(x); See Def C.1 for formal
definition), so that estimated loss decreases along every path toward the root and, in particular, the

8



Preprint.

rootT

a

Figure 1: A spanning in-tree T of the neighborhood graph (Π,E), with root rootT ; every edge is
directed toward the root. The dashed edges form pathT (a), the directed path from action a to the
root. The construction follows Lattimore & Szepesvári (2020).

Algorithm 3 SquareCB.PMSide for Locally observable games
1: parameters:
2: Context x with predicted outcome distribution q̂(x)
3: Exploration parameter γ > 0, µ = k and κ = γ

8km2

4: For each action a ∈ Π, compute ℓ̂a = e⊺aLq̂(x) and let b = arg mina∈Π ℓ̂t,a

5: For each a ∈ Π ∖ {b}, define pa = 1
µ+κ(ℓ̂a−ℓ̂b)

; let pb = 1 −∑a∈Π∖{b} pa.
6: return p

empirical best action sits at the root. With this choice of T , and the observation that p according to
SquareCB.PMSide is monotonically decreasing of in the loss, the coverage term is upper bounded
by k∑b(λb

pb
+ 1), which allows us to bound Vγ(q, p) subsequently.

Offline oracle-efficient algorithms In Appendix D, we present a close variant of E2D.PMSide,
namely OE2D.PMSide (Offline Estimation to Decisions for Partial Monitoring with Side Information),
that efficiently reduces contextual partial monitoring to offline estimation. Our OE2D.PMSide
generalizes FALCON (Simchi-Levi & Xu, 2022) and its linear version (Xu & Zeevi, 2020). Similar to
E2D.PMSide, OE2D.PMSide has two versions, one that employs Alg. 2 for the globally observable
setting, the other employs Alg. 3 for the locally observable setting, which enjoys O(T 2/3) and
O(
√

T ) regret in the respective settings. Compared with E2D.PMSide that makes O(T ) calls to the
online outcome estimation oracle, OE2D.PMSide only makes O(log T ) calls to the offline outcome
estimation oracle, making it suitable for applications with low computational cost requirements.

4 Empirical studies
We evaluate SquareCB.PMSide in two settings we discussed in Section 1 (Examples 1 & 2): LLM
routing and contextual label-efficient prediction game.
LLM routing. We evaluate the routing problem on a cached version of the BoolQ benchmark
containing 12,648 valid responses from both models. We use Qwen2.5-0.5B-Instruct as the weak
model and Llama-2-13B-Chat as the strong model. The routing outcome records whether their
cached responses disagree. Each prompt is represented by a 138-dimensional context comprising 10
weak-model uncertainty statistics, 64 PCA components of its hidden states, and 64 PCA components
of a context-free prompt embedding.

We compare linear-logistic CBPSide (Bartók et al., 2012a; An et al., 2026), SquareCB.PMSide (ours),
ETC (Explore-Then-Commit, adapted for apple tasting) (Garivier et al., 2016) with both linear logistic
regression and a nonlinear 15-leaf histogram gradient-boosting (HGB) model, Bayesian-logistic
PG-TS (Grant & Leslie, 2021), and a random baseline. We consider nine values of ℓ01 between 1.8
and 3.3 and evaluate each configuration over 20 paired random permutations. Figure 2a reports the
mean realized total cost.

For each value of ℓ01 we tune every algorithm separately, selecting the configuration with the
lowest total cost. For all methods except the random baseline this amounts to choosing a multiplier
s ∈ {0.1, 0.3, 1, 3, 10}, which scales the confidence radius in CBPSide, the exploration parameter
s ⋅ κ in both SquareCB.PMSide variants, the initial exploration budget s ⋅ T 2/3 in ETC, and the prior
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Figure 2: Comparison of algorithms for and LLM routing and Label efficient prediction game

standard deviation in PG-TS. The random baseline instead routes each query to the strong model with
a fixed probability, independent of context, swept over {0, 0.2, 0.4, 0.6, 0.8, 1}. All methods, ours
included, are therefore tuned with hindsight knowledge of the loss. Further implementation details
and results are provided in Appendix E.

Across the evaluated loss settings, both the linear-logistic and nonlinear HGB instantiations of
SquareCB.PMSide achieve lower mean realized total cost than CBPSide, while the nonlinear HGB
variant also outperforms PG-TS. These results illustrate a practical advantage of the oracle-efficient
SquareCB.PMSide formulation: it can incorporate flexible nonlinear prediction models without
modifying the surrounding routing policy. Furthermore, generally ETC is expected to perform worse
due to O(T 2/3) regret, however here due to limited test data size 12,648 compared to larger dimension
138, it performs competitively. See Figure 2a.

Contextual label-efficient prediction. We conduct an analogous study for the contextual label-
efficient prediction game. Local observability requires the expert-query cost to satisfy c < 0.5;
accordingly, we evaluate five values of c in the range 0.1 ≤ c < 0.5. Because PG-TS is designed
specifically for apple-tasting games and is thus inapplicable to this problem, we replace it with
RandCBPSide (Heuillet et al., 2024). We generate the data synthetically from a linear logistic model
with 10-dimensional context vectors. Further, details are provided in Appendix E. Our method
consistently outperforms ETC and CBPSide across the evaluated settings and remains competitive with
RandCBPSide, outperforming it for some of the expert-query costs. Moreover, RandCBPSide requires
comparatively expensive confidence-width calculations, whereas our method is computationally
cheaper. See Figure 2b.

5 Conclusion and future work
Our work gives the first efficient algorithms for stochastic contextual partial monitoring with optimal
regret with general function approximation. Experiments on LLM routing and a modified label-efficient
game support these guarantees. Our analysis is restricted to non-degenerate games. Lemma G.3, which
underlies the O(1/γ) bound for locally observable games, relies on non-degeneracy. We conjecture
that our SquareCB.PMSide might work for degenerate games as well with minor modification.
However, their analysis need a careful approach which is left to future work. Another interesting
question is, can our algorithm be generalized to the setting when the loss matrix and the feedback
matrix is context-dependent? This seems practically relevant for e.g. LLM routing applications,
since the cost of wrongly following the weak model may depend on the importance of the prompt.
Furthermore, extending our work to contextual linear partial monitoring (Kirschner et al., 2023) and
contextual partial monitoring with infinite outcomes (Lattimore, 2022) are also interesting future
directions.

AI use statement
In this work, we used generative AI tools for coding for experiments, writing those experiment details
and polishing the writing. We did reviewed those coding implementation for correctness. We have
not used generative AI tools for writing proof or related works, and the rest of the required disclosure
tasks are not applicable to this work. We have reviewed all AI-assisted work. We take responsibility
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Adish Singla, Ian Lienert, Gábor Bartók, and Andreas Krause. Contextual procurement in online
crowdsourcing markets. In Proceedings of the AAAI Conference on Human Computation and
Crowdsourcing, volume 2, pp. 58–59, 2014.

A. Tsybakov. Introduction to nonparametric estimation. In Springer Series in Statistics, 2008. URL
https://api.semanticscholar.org/CorpusID:42933599.

Vladimir G Vovk. A game of prediction with expert advice. In Proceedings of the eighth annual
conference on Computational learning theory, pp. 51–60, 1995.

Yunbei Xu and Assaf Zeevi. Upper counterfactual confidence bounds: a new optimism principle for
contextual bandits. arXiv preprint arXiv:2007.07876, 2020.

Mengxiao Zhang, Yuheng Zhang, Olga Vrousgou, Haipeng Luo, and Paul Mineiro. Practical
contextual bandits with feedback graphs. Advances in Neural Information Processing Systems, 36:
30592–30617, 2023.

Yinglun Zhu and Paul Mineiro. Contextual bandits with smooth regret: Efficient learning in continuous
action spaces. In International Conference on Machine Learning, pp. 27574–27590. PMLR, 2022.

Yinglun Zhu, Dylan J Foster, John Langford, and Paul Mineiro. Contextual bandits with large action
spaces: Made practical. In Proceedings of the International Conference on Machine Learning
(ICML), pp. 27428–27453, 2022.

13

https://proceedings.iclr.cc/paper_files/paper/2025/file/5503a7c69d48a2f86fc00b3dc09de686-Paper-Conference.pdf
https://proceedings.iclr.cc/paper_files/paper/2025/file/5503a7c69d48a2f86fc00b3dc09de686-Paper-Conference.pdf
https://arxiv.org/abs/2607.13686
https://arxiv.org/abs/2602.09456
https://arxiv.org/abs/2602.09456
https://api.semanticscholar.org/CorpusID:42933599


Preprint.

Appendix

Appendix A Additional Discussions on Important Related Works . . . . . . . . . . . . . . . . . . . . . . . . . . 15
A.1 Exploration-by-optimization (ExO) versus our approach . . . . . . . . . . . . . . . . . . . . . . . . . 15
A.2 Relation to the decision-estimation coefficient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

Appendix B Online and offline estimation oracles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
B.1 Online Oracles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
B.2 Offline estimation oracle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

Appendix C Analysis of E2D.PMSide . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
C.1 Proof of Theorem 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
C.2 Proofs for Algorithm 2 (ϵ-Greedy.PMSide) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
C.3 Proofs for Algorithm 3 (SquareCB.PMSide) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

Appendix D Contextual partial monitoring: reduction to offline regression . . . . . . . . . . . . . . . . . 28
D.1 OE2D.PMSide . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
D.2 Regret analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

Appendix E Empirical studies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
Appendix F Algorithm for Lq-decreasing tree construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
Appendix G Auxiliary Lemmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

14



Preprint.

A Additional Discussions on Important Related Works

A.1 Exploration-by-optimization (ExO) versus our approach.

Lattimore & Szepesvári [2020] propose the exploration-by-optimization (ExO) algorithm for adver-
sarial non-contextual partial monitoring. They first form an exponentially weighted benchmark policy
λt over the Pareto optimal actions from unbiased loss estimates,

λta =
1Π(a) exp (−η∑t−1

s=1 ŷsa)

∑b∈Π exp (−η∑t−1
s=1 ŷsb)

,

where 1Π is the indicator of Π and ŷt = Gt(At, σt)/ptAt is an importance-weighted loss estimate,
with Gt (Equation (10)) obtained by solving Equation (4) at round t. This generalizes the EXP3
algorithm [Auer et al., 2003] for adversarial bandits.

They then improve this benchmark by solving

minimise
G∈H, p∈P

max
o∈[d]

⎡⎢⎢⎢⎢⎣
(p − λ)⊺Leo + biasλ(G; o) + 1

η

k

∑
a=1

paΨλ(
ηG(a, Φao)

pa
)
⎤⎥⎥⎥⎥⎦
, (4)

where η plays the role of our γ, Ψq(z) = ⟨q, exp(−z) + z − 1⟩, and

biasλ(G; o) = ⟨λ, Leo −
k

∑
a=1

G(a, Φao)⟩ +max
c∈Π

⎛
⎝

k

∑
a=1

G(a, Φao)c −Lco

⎞
⎠

.

We may write this equivalently, following the notation of Lattimore & Gyorgy [2021], as

minimise
G∈H, p∈P

max
o∈[d], c∈Π

⎡⎢⎢⎢⎢⎣
(p − λ)⊺Leo + ⟨ec − p,

k

∑
a=1

G(a, Φao) −Leo⟩ +
1
η

k

∑
a=1

paΨλ(
ηG(a, Φao)

pa
)
⎤⎥⎥⎥⎥⎦
.

This step reallocates probability away from the benchmark policy and toward actions whose feedback
is informative. Writing optλ(η) for the optimal value of Equation (4), the analogue of our Vγ ,
Lattimore & Szepesvári [2020] bound it for both locally and globally observable games without
exhibiting an explicit or approximate solution to the optimization problem.

They first restrict the class of estimators G. Let

H0 =
⎧⎪⎪⎨⎪⎪⎩

G ∈ H ∶ ⟨eb − ec,
k

∑
a=1

G(a, Φao) −Leo⟩ = 0 for all b, c

⎫⎪⎪⎬⎪⎪⎭
denote the unbiased estimators, for which biasλ(G; o) = 0 for every o. The minimax objective is then
bounded above by

min
G∈H0, p∈P

max
o∈[d]

⎡⎢⎢⎢⎢⎣
(p − λ)⊺Leo +

1
η

k

∑
a=1

paΨλ(
ηG(a, Φao)

pa
)
⎤⎥⎥⎥⎥⎦
,

and, since the bracketed expression is linear in eo, maximizing over outcomes is equivalent to
maximizing over outcome distributions:

min
G∈H0, p∈P

max
q∈D

⎡⎢⎢⎢⎢⎣
(p − λ)⊺Lq + 1

η

d

∑
o=1

qo

k

∑
a=1

paΨλ(
ηG(a, Φao)

pa
)
⎤⎥⎥⎥⎥⎦
. (5)

Equation (5) is concave in q and convex in (G, p), so to (nonconstructively) upper bound the value of
Equation (5), Sion’s minimax theorem permits exchanging the two operations. Writing F (G, p, q) for
the bracketed expression,

min
G∈H0, p∈P

max
q∈D

F (G, p, q) = max
q∈D

min
G∈H0, p∈P

F (G, p, q).

To upper bound this expression, it now suffices to choose G and p as functions of q and λ: they
build an Lq-decreasing tree, take G to be the loss estimator induced by that tree, and set p =Wq(λ),
where Wq is the water-transfer operator (see Lemma G.5 for a recap). The operator redistributes the
benchmark policy λ so that the resulting p incurs no greater loss under q, while allocating probability
that increases toward the root of the tree.
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In contrast, given an outcome distribution q, our exploration strategy approximately solves the
following optimization problem:

min
p∈P

max
λ∈∆(Π)

(p − λ)⊺Lq̂ + 1
γ
⋅Coverage(p, λ)

Given that for any G ∈ H0, Lemma C.1 implies that Coverage(p, λ) ≤ ∑a∑b
λb+pb

pa
∥Gb(a, ∶)∥2∞, and

thus it suffices to find exploration distribution p that solves,

min
p∈P

max
λ∈∆(Π)

(p − λ)⊺Lq̂ + 1
γ
⋅
⎛
⎝∑a
∑
b

λb + pb

pa
∥Gb(a, ∶)∥2∞

⎞
⎠

(6)

Comparing Equation (5) with Equation (6), the two objectives share a shape: each consists of a
greediness term of the form (p − λ)⊺Lq̂ and a coverage term measuring how well p covers λ. They
differ in three respects:

• First, in the minimax players: we minimize over exploration policies against a maximizing
comparator policy λ, whereas Equation (5) minimizes against a maximizing adversarial
outcome distribution q.

• Second, in the form of the coverage term. The one in Equation (5) is exponential,
Ψλ(ηG(a, Φao)/pa), and Lattimore & Szepesvári [2020] relax it to η2∑b λb∥G(a, ⋅)b∥2∞/p2

a,
at the cost of requiring p to be bounded below entrywise by η maxa,b∥G(a, ⋅)b∥∞.

• Third, in what the analysis delivers. ExO is tractable but gives no explicit exploration policy
p. For our objective we show that the inverse-gap-weighting rule of SquareCB.PMSide
certifies a small value of Vγ directly: it already allocates probability increasing toward the
root of an Lq̂-decreasing tree, so neither the optimization over G nor the water-transfer step
is needed, and the in-tree only appears in the analysis.

We also refer the reader to Table 1 for a summary.

Table 1: Comparison with exploration-by-optimization [Lattimore & Szepesvári, 2020]. ↑ indicates a
better result. NA indicates not applicable

ExO Ours
Side information No Yes ↑
Outcome distribution Adversarial ↑ Stochastic
Objective optq(η) Vγ

Minimax players Policy vs. adversarial outcome x Policy vs. comparator policy λ
Optimization variables G and p jointly p only ↑
Per-round computation Exact solution of Equation (4) IGW for locally observable;

ϵ-greedy for globally observable ↑
In-tree Optimized at every round Analysis only ↑
Water-transfer Required Not required ↑
Oracle-efficient No Efficient ↑
Offline oracle compatibility NA Compatible ↑
Locally observable regret —

√
k smaller ↑

A.2 Relation to the decision-estimation coefficient
The decision-estimation coefficient (DEC) was introduced by Foster et al. [2021] as a complexity
measure for stochastic sequential decision making. Foster et al. [2022] extend it to the adversarial
setting, showing that the DEC applied to the convex hull of the model class characterizes the
fundamental statistical complexity of that setting as well. On the algorithmic side they propose ExO+,
a high-probability variant of the exploration-by-optimization algorithm of Lattimore & Szepesvári
[2020]; Lattimore & Gyorgy [2021]. Whereas the original ExO gives in-expectation guarantees,
ExO+ gives high-probability guarantees that hold against adaptive adversaries. Like ExO, the
exploration rule and the loss estimator are defined through an optimization problem rather than a
closed-form policy.
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Their analysis does not bound the ExO+ or DEC objective directly for locally and globally observable
games. Instead they establish an equivalence, for general divergences D, between the convexified
DEC, a parameterized variant of the generalized information ratio of Lattimore & Gyorgy [2021], and
the ExO+ objective. Since Lattimore & Szepesvári [2019]; Lattimore & Gyorgy [2021]; Lattimore
[2022] bound the regret for locally and globally observable games in terms of the generalized
information ratio under the KL divergence, in agreement with the classification theorem [Bartók et al.,
2011; Lattimore & Szepesvári, 2020], those bounds transfer to ExO+ through this equivalence. The
equivalence itself holds for general D, but the information-ratio bounds are established for the KL
divergence; we are not aware of corresponding bounds for other divergences, including the squared
Hellinger.

To summarize, Foster et al. [2022]’s result implicitly implies that the E2D algorithm Foster et al.
[2021] has optimal order-in-T regret for stochastic contextual partial monitoring. However, as we
discussed in Section 2.3, the E2D algorithm may be computationally inefficient. Our paper addresses
the computational challenge. For locally observable games we give a closed-form inverse-gap-
weighting rule (SquareCB.PMSide), and for globally observable games a closed-form ε-greedy
rule (ϵ-Greedy.PMSide). Both extend to be compatible with offline estimation oracles, because the
exploration term of our objective, the coverage, does not involve the current estimate.

B Online and offline estimation oracles
B.1 Online Oracles
In this section, we provide examples for the online estimation oracles AlgOn and prove their bounds
for both finite and infinite model classes.
Lemma B.1 (Finite-class online Hellinger guarantee via Vovk’s algorithm). Suppose that the candidate
conditional outcome-model class

Q ⊆ {q ∶ X →∆(d)}
is finite and realizable, so that q∗ ∈ Q and the oracles are allowed to output predictors in co(Q). Then
there exists a contextual online estimation oracle AlgOn such that,

RegH
On(Q, T, δ) = 2 log( ∣Q∣

δ
) .

The contextual online estimation oracle can be instantiated by applying Vovk’s [Vovk, 1995]
aggregating algorithm to the conditional outcome models in Q.

Proof. Define G ⊆∆(m) as a set of functions gq ∶ X × [k] →∆(m) induced by q, formally

G = {gq ∶ gq(σ ∣ x, a) = Saq(x)[σ] ∀q ∈ Q}

Hence,

∣G∣ ≤ ∣Q∣

Specifically,

gq∗(σ ∣ xt, At) = P (σt = σ ∣ xt, At)
= SAtq

∗(xt)[σ]

Vovk’s algorithm calculate the gq̂t in the following way.

Let,

ℓ
(t)
log(gq) ∶= log( 1

gq(σt ∣ xt, At)
)

= log
⎛
⎝

1
(SAtq(xt)) [σt]

⎞
⎠

.
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Then ∀gq ∈ G, the algorithm calculates a probability simplex bt ∈∆(∣G∣) as follows.

bt(gq) ∝ exp
⎛
⎝
−

t−1
∑
s=1

ℓ
(s)
log(gq)

⎞
⎠

Estimate gq̂t

gq̂t(⋅) = Eg∼bt
[g(⋅)]

Let the corresponding q̂t such that,
q̂t(⋅) = Eg∼bt

[q(⋅)] .

Then Vovk’s algorithm guarantees,

T

∑
t=1

log 1
gq̂t(σt ∣ xt, at)

−
T

∑
t=1

log 1
gq∗(σt ∣ xt, at)

≤ log ∣G∣

Then, by applying Lemma A.14 from Foster et al. [2021], the output estimator of Vovk’s aggregating
algorithm gq̂t satisfies, with probability of at least 1 − δ,

T

∑
t=1

Et−1 [D2
H (gq̂t(⋅ ∣ xt, At) ∣ gq∗(⋅ ∣ xt, At))] ≤ 2 log ∣G∣

δ
(7)

transforming this to our case, with probability at least 1 − δ, q̂t satisfies,
T

∑
t=1

Ea∼pt [D2
H (Saq̂t(xt) ∣ Saq∗(xt))] ≤ 2 log ∣Q∣

δ
.

Remark 1. Define filtrationH as,
Ht−1 = σ (x1, A1, σ1,⋯, xt−1, At−1, σt−1)

Equation equation 7 also implies that, if x1,⋯, xT
i.i.d.∼ Dx and pt, q̂t areHt−1 measurable, then

with probability of at least 1 − δ,
T

∑
t=1

Ex∼Dx,a∼pt(⋅∣x) [D2
H (Saq̂t(x) ∣ Saq∗(x))] ≤ 2 log ∣Q∣

δ
.

Lemma B.2 (Infinite-class online Hellinger guarantee via contextual smoothed aggregation). Suppose
that the candidate conditional outcome-model class is,

Q ⊆ {q ∶ X →∆(d)} ,

is possibly infinite but has finite covering numbers under the uniform Hellinger metric and that the
model is realizable q∗ ∈ Q and the oracles are allowed to output predictors in co(Q).

Define G ⊆∆(m) as a set of functions gq ∶ X × [k] →∆(m) induced by q, formally

G = {gq ∶ gq(σ ∣ x, a) = Saq(x)[σ] q ∈ Q}
Moreover, let us define an ϵ-cover J , such that,

∀gq ∈ G ∃g′q ∈ J such that sup
x∈X ,a∈[k]

D2
H (g′q(⋅ ∣ x, a) ∣ gq(⋅ ∣ x, a)) ≤ ϵ2

Furthermore, let N(G, ϵ) denote the size of the smallest such cover. Define,
est(G, T ) ∶= inf

ϵ≥0
{log(N(G, ϵ)) + ϵ2T}
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Then there exists a contextual online estimation oracle AlgOn such that,

RegH
On(Q, T, δ) ≤ O (log(2m2T ) ⋅ est(G, T ) + log2(2m2T ) log 1

δ
) .

The contextual online estimation oracle can be instantiated by applying an online aggregation
algorithm Vovk [1995]; Foster et al. [2021] to a suitably discretized and smoothed approximation of
the parameter space Q.

Proof. The regularity assumptions required in Assumption A.2 of Foster et al. [2021] are already
satisfied by setting B =max{m, e}

1. Number of possible outcome for a context is upper bounded by m ≤ B

2. gq(σ ∣ x, a) is a probability simplex (1 ≤ B).

Smoothed Vovk’s algorithm calculate the gq̂t in the following way, let,

h(σ ∣ x, a) = (1 − α)gq(σ ∣ x, a) + α

m
then ∀gq ∈ J calculate the a probability simplex bt ∈∆(∣J ∣) as follows

bt(gq) ∝ exp
⎛
⎝
−

t−1
∑
s=1

ℓ
(s)
log(h)

⎞
⎠

Estimate ĝt

gq̂t = Egq∼bt
[gq]

Hence,
q̂t = Eq∼bt [q]

Then by applying Lemma A.16 from Foster et al. [2021], with probability of at least 1 − δ,
T

∑
t=1

Et−1 [D2
H (gq̂t(⋅ ∣ xt, At) ∣ gq∗(⋅ ∣ xt, At))] ≤ O (log(2m2T ) ⋅ est(G, T ) + log2(2m2T ) log 1

δ
)

(8)

Let q̂t ∈ Q be the corresponding solution, with probability of at least 1 − δ, q̂t satisfies,
T

∑
t=1

Ea∼pt [D2
H (Saq̂t(xt) ∣ Saq∗(xt))] ≤ O (log(2m2T ) ⋅ est(G, T ) + log2(2m2T ) log 1

δ
) .

Remark 2. Define filtrationH as,
Ht−1 = σ (x1, A1, σ1,⋯, xt−1, At−1, σt−1)

Equation equation 7 also implies that, if x1,⋯, xT
i.i.d.∼ Dx and pt, q̂t areHt−1 measurable, then

with probability of at least 1 − δ,
T

∑
t=1

Ex∼Dx,a∼pt(⋅∣x) [D2
H (Saq̂t(x) ∣ Saq∗(x))] ≤ O (log(2m2T ) ⋅ est(G, T ) + log2(2m2T ) log 1

δ
) .

B.2 Offline estimation oracle
In this section, first we define offline estimation oracle and we provide examples for the offline
estimation oracles AlgOff and prove their estimation bounds.
Definition B.1 (Offline estimation oracle). An offline estimation oracle AlgOff is an algorithm that
estimates the unknown parameter q∗ ∈ Q from the observed data in a batch fashion. That is, after
observing t rounds, given the feedback symbols collected so far, the oracle produces an estimate

q̂ = AlgOff({(As, xs, σs)}
t

s=1) .
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Assumption B.1 (Hellinger-closeness of the offline estimation oracle). For any t ∈ N, let x1, . . . , xt
i.i.d.∼

Dx and let q̂ denote the estimate returned by AlgOff on the resulting sample. Define RegH
Off (Q, t),

such that

Ex∼Dx, a∼p(⋅∣x) [D2
H(Saq̂(x) ∥Saq∗(x))] = RegH

Off (Q, t)
t

where p denotes the behavioral policy used to collect the sample, and the expectation is taken over a
fresh draw (x, a), conditionally on q̂. We assume that the offline estimation oracle AlgOff guarantees,
for any δ ∈ (0, 1), that with probability at least 1 − δ,

RegH
Off (Q, t) ≤ RegH

Off (Q, t, δ) ,

where RegH
Off (Q, t, δ) is a known, deterministic upper bound.

Having established in Appendix B.1 the existence of online oracles with favorable guarantees for
both finite and infinite model classes, we can always obtain offline oracles for both by online-to-batch
conversion. Beyond this generic construction, we also show that the conditional maximum-likelihood
estimator satisfies Assumption B.1 with a favorable bound RegH

Off(Q, t, δ).
Lemma B.3 (Existence of a contextual offline estimation oracle for a finite class). Suppose that the
candidate conditional outcome-model class

Q ⊆ {q ∶ X →∆(d)}
is finite and realizable, so that q∗ ∈ Q. Then there exists a contextual offline estimation oracle AlgOff
such that Assumption B.1 is satisfied with

RegH
Off (Q, t, δ) = 2 log( ∣Q∣

δ
) .

The contextual offline estimation oracle can be instantiated using the conditional maximum-likelihood
estimator

q̂t ∈ arg max
q∈Q

t

∑
s=1

log ((SAsq(xs)) [σs]) .

Proof. Let
zs = (xs, As) (Where xs ∼ X (i.i.d) and As ∼ ps (z1∶s−1, y1∶s−1, xs))
ys = σs

Hence,
zs ∼ Ds (z1∶s−1, y1∶s−1) (for some distribution Ds)

Define
f∗(zs, ys) = P(ys ∣ zs)

= P(σs ∣ As, xs)
= P(σs ∣ SAsq∗(xs))
= SAsq∗(xs)[σ]

Furthermore, define
F = {f ∶ f(z, y) = Saq(x)[σ] ∀q ∈ Q}

Hence,
∣F∣ ≤ ∣Q∣

Following the work of Agarwal et al. [2020] (section E)

f̂ ∶= arg max
f∈F

t

∑
s=1

log f(zs, ys)

= arg max
q

t

∑
s=1

P(σs ∣ SAsq(xs))
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Therefore, let

q̂t = arg max
q

t

∑
s=1

log (P (σs ∣ xs, As, q))

= arg max
q

t

∑
s=1

log (SAs ⋅ q(xs)[σs])

then,
f̂(z, y) = Saq̂t(x)

By Theorem 21 of Agarwal et al. [2020], this maximum likelihood solution, satisfies the following,
t

∑
s=1

Ez∼Ds
∥f̂(z, ⋅) − f∗(z, ⋅)∥2TV ≤ 2 log( ∣F∣

δ
)

Although Theorem 21 is stated in terms of squared total variation distance, Remark 23 observes that
its proof directly establishes the corresponding squared-Hellinger bound.

t

∑
s=1

Ez∼Ds [D2
H (f̂(z, ⋅)∣f∗(z, ⋅))] ≤ 2 log( ∣F∣

δ
)

Therefore, in our case
t

∑
s=1

Ex∼X ,a∼ps [D2
H (Sa ⋅ q̂t(x)∣Sa ⋅ q∗(x))] ≤ 2 log( ∣Q∣

δ
)

C Analysis of E2D.PMSide
C.1 Proof of Theorem 3.1

Theorem 3.1 (Regret of E2D.PMSide). Suppose AlgOn has a Hellinger regret bound RegH
On (Q, T, δ).

Fix γ > 0. Then, for any δ ∈ (0, 1), with probability at least 1 − δ,

RegT ≤ T ⋅ Tmax
t=1
Vγ(q̂t(xt), pt) + γ ⋅RegH

On (Q, T, δ) .

Proof. Let
λ∗xt
= arg min

p′∈∆(Π)
(p′)⊺Lq∗(xt) (The best policy for context xt)

RegT =
T

∑
t=1

p⊺t Lq∗(xt) − (λ∗xt
)⊺Lq∗(xt)

=
T

∑
t=1

p⊺t Lq̂t(xt) − (λ∗xt
)⊺Lq̂t(xt) + (λ∗xt

− pt)⊺L(q̂t(xt) − q∗(xt))

((λ∗xt
− pt)⊺L(q̂t(xt) − q∗(xt)))

2 =
((λ∗xt

− pt)
⊺
L(q̂t(xt) − q∗(xt)))

2

Ea∼pt [D2
H(Saq̂t(xt) ∣Saq∗(xt))]

⋅ (Ea∼pt [D2
H(Saq̂t(xt) ∣Saq∗(xt))])

≤ max
q1,q2∈∆(d)

((λ∗xt
− pt)

⊺
L(q1 − q2))

2

Ea∼pt [D2
H(Saq1 ∣Saq2)]

⋅ (Ea∼pt [D2
H(Saq̂t(xt) ∣Saq∗(xt))]) .
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Therefore,

((λ∗xt
− pt)⊺L(q̂t(xt) − q∗(xt)))

2 ≤ Coverage(pt, λ∗xt
) ⋅ (Ea∼pt [D2

H(Saq̂t(xt) ∣Saq∗(xt))])

((λ∗xt
− pt)⊺L(q̂t(xt) − q∗(xt))) ≤

√
Coverage(pt, λ∗xt

) ⋅ (Ea∼pt [D2
H(Saq̂t(xt) ∣Saq∗(xt))])

≤ 1
γ

Coverage(pt, λ∗xt
) + γ (Ea∼pt [D2

H(Saq̂t(xt) ∣Saq∗(xt))]) .

(AM-GM)

RegT ≤
T

∑
t=1

sup
λ∈∆(Π)

[p⊺t Lq̂t(xt) − λ⊺Lq̂t(xt) +
1
γ

Coverage(pt, λ)] +
T

∑
t=1

γ (Ea∼pt [D2
H(Saq̂t(xt) ∣Saq∗(xt))])

≤
T

∑
t=1

sup
λ∈∆(Π)

[p⊺t Lq̂t(xt) − λ⊺Lq̂t(xt) +
1
γ
⋅Coverage(pt, λ)] + γ (RegH

On (Q, T )) .

Therefore the regret can be bounded as,

RegT ≤
T

∑
t=1
Vγ(q̂t(xt), pt) + γ (RegH

On (Q, T ))

≤ T ⋅ Tmax
t=1
Vγ(q̂t(xt), pt) + γ (RegH

On (Q, T )) .

Hence, with probability of at least 1 − δ,

RegT ≤ T ⋅ Tmax
t=1
Vγ(q̂t(xt), pt) + γ ⋅RegH

On (Q, T, δ) .

Moreover,

Remark 3 (DEC bound). For all x ∈ X , q̂ ∈ Q, p ∈∆(d),
Vdec

γ (q̂(x),Qx, p) ≤ Vγ(q̂(x), p).

Proof.

Vdec
γ (q̂(x),Qx, p) = sup

q∈Qx,λ∈∆(k)
[p⊺Lq(x) − λ⊺Lq(x) − γ ⋅Ea∼p [D2

H(Saq̂(x) ∣Saq(x))]]

= sup
q∈Qx,λ∈∆(Π)

[p⊺Lq(x) − λ⊺Lq(x) − γ ⋅Ea∼p [D2
H(Saq̂(x) ∣Saq(x))]]

= sup
q∈Qx,λ∈∆(Π)

[p⊺Lq̂(x) − λ⊺Lq̂(x) + (λ − p)⊺L(q̂(x) − q(x)) − γ ⋅Ea∼p [D2
H(Saq̂(x) ∣Saq(x))]]

≤ sup
q∈Qx,λ∈∆(Π)

[p⊺Lq̂(x) − λ⊺Lq̂(x) + 1
γ

Coverage(p, λ)]

= sup
λ∈∆(Π)

[p⊺Lq̂(x) − λ⊺Lq̂(x) + 1
γ

Coverage(p, λ)]

= Vγ(q̂(x), p)
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C.2 Proofs for Algorithm 2 (ϵ-Greedy.PMSide)
Recall that in partial monitoring the loss difference between two actions can be expressed in terms of
the feedback from other actions (Definitions 2.2 and 2.3), though the two observability conditions
supply that expression differently. The following lemma abstracts both constructions into a single
reference witness G and bounds the coverage in terms of it.
Lemma C.1. Suppose there exists a reference witness function G ∶ A ×Σ→ RA, in the sense that for
all b, c ∈ A ⊆ [k],

∑
a∈A

Gb(a, Φao) − ∑
a∈A

Gc(a, Φao) = Lbo −Lco ∀o ∈ [d]. (9)

where, Gb denotes b-th index of G. Then ∀p, λ ∈∆(A),

Coverage(p, λ) ≤ 4 ∑
a∈A

(∑b∈A(pb − λb)∥Gb(a, ∶)∥∞)2
pa

≤ 8 ∑
a∈A
∑
b∈A

pb + λb

pa
∥Gb(a, ∶)∥2∞

Proof. First, since D2
H(u ∣ v) ≥ 1

4∥u − v∥21 (Lemma G.2), we have,

Coverage(p, λ) = sup
q1,q2∈∆(d)

((λ − p)⊺L (q1 − q2))
2

Ea∼p [D2
H(Saq1 ∣Saq2)]

≤ 4 sup
q1,q2∈∆(d)

((λ − p)⊺L (q1 − q2))
2

∑a∈A ∥Sa(q1 − q2)∥21

Taking a weighted summation of Equation (9) over b, c with weight pbλc gives,

(p − λ)T (∑
a

G(a, Φao) −L∶,o) = 0,∀o

And thus,
(p − λ)T L(q1 − q2) =∑

o

(p − λ)T ∑
a∈A

G(a, Φao)(q1 − q2)o

=∑
o

(p − λ)T ∑
a∈A
∑
σ

G(a, σ)(Sa)σ,o(q1 − q2)o

=(p − λ)T ∑
σ
∑
a∈A

G(a, σ)(Sa(q1 − q2))σ

≤ ∑
b∈A
∑
σ
∑
a∈A
(pb − λb)Gb(a, σ)(Sa(q1 − q2))σ

And therefore, exchanging the summation by moving ∑σ to the innermost, and by triangle inequality,
∣∑σ Gb(a, σ)Sa(q1 − q2)σ ∣ ≤ ∥Gb(a, ∶)∥∞∥Sa(q1 − q2)∥1; this implies that

∣(p − λ)T L(q1 − q2)∣ ≤ ∑
a∈A
∑
b∈A
∣pb − λb∣∥Gb(a, ∶)∥∞∥Sa(q1 − q2)∥1.

The first inequality of the lemma now follows from the definition of coverage and Cauchy-Schwarz
inequality.

The second inequality follows from that
(∑

b∈A
(pb − λb)∥Gb(a, ∶)∥∞)2 ≤2(∑

b∈A
pb∥Gb(a, ∶)∥∞)2 + 2(∑

b∈A
λb∥Gb(a, ∶)∥∞)2

≤2∑
b∈A

pb∥Gb(a, ∶)∥2∞ + 2∑
b∈A

λb∥Gb(a, ∶)∥2∞

In Lemma C.1 the indices b and c range over a set A, which we take to be [k] for globally observable
games and Π for locally observable games. In the globally observable case the behavioral policy
places mass on every action, so the sums must run over all of [k]; in the locally observable case both
policies lie in ∆(Π) and the witness vanishes outside Π, so the restriction is without loss.
Lemma 3.1 (Guarantee for Alg. 2 for globally observable games). LetG = (L,Φ) be a globally observ-
able partial monitoring game in the sense of Definition 2.2, and set β ∶=max(a,b)∈[k]×[k]∥w(a,b)∥∞.
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We have for any q̂ ∈∆(d),

Vγ(q̂, p) ≤ max
λ∈∆(Π)

pTLq̂ − λTLq̂ + 16β2

γ

k

∑
c=1

1
pc

.

Thus, for every γ > 16k2β2, and every q̂ ∈∆(d), Alg. 2 outputs p such that

Vγ(q̂, p) ≤ O
⎛
⎝

kβ

√
1
γ

⎞
⎠

.

Proof. For globally observable games, we can construct reference witness function by simply setting,
for all b ∈ [k]

Gb(⋅, ⋅) = wb,a0(⋅, ⋅) (for some reference action a0)

Hence, by Lemma C.1,

Coverage(p, λ) ≤ 16 max
(a,b)∈[k]×[k]

∥w(a,b)∥2∞
k

∑
c=1

1
pc

= 16β2
k

∑
c=1

1
pc

.

This finishes the proof of the first part of the lemma.

Let â be the empirical best arm based on our current estimate q̂. That is,
â ∶= arg min

a∈Π
e⊺aLq̂(x).

Set,

p = (1 − ϵ)eâ + ϵ
1

k
,

so that pc ≥ ϵ
k

for every c ∈ [k], hence
k

∑
c=1

1
pc
≤ k2

ϵ
.

Vγ(q̂(x), p) = sup
λ∈∆(Π)

[p⊺Lq̂(x) − λ⊺Lq̂(x) + 1
γ
⋅Coverage(p, λ)]

≤ p⊺Lq̂(x) − e⊺âLq̂(x) + 1
γ

16β2
k

∑
c=1

1
pc

≤ ((1 − ϵ)eâ + ϵ
1

k
)
⊺

Lq̂(x) − e⊺âLq̂(x) + 16k2β2

γϵ

≤ ϵ 1
k
1⊺Lq̂(x) + 16k2β2

γϵ

≤ α + 16k2β2

γϵ
(L ∈ [0, 1]k×d)

= O
⎛
⎝

kβ

√
1
γ

⎞
⎠

. (by choosing ϵ = kβ
√

1
γ
< 1)

This finishes the proof of the second part of the lemma.
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C.3 Proofs for Algorithm 3 (SquareCB.PMSide)
We can choose a spanning in-tree over the neighborhood graph (Π,E). That is, assign an arbitrary
action rootT as the root and choose an in-tree T such that, there is a unique directed pathT (a)
from any action a ∈ Π to rootT ∈ Π (See Figure 1). Now, define witness reference function
GT ∶ [k] ×Σ→ RΠ ∀a ∈ Π such that,

GTa (c, σ) ∶= ∑
e∈path

T
(a)

we(c, σ), a ∈ Π, (10)

where we denotes the witness function associated with the edge e by local observability (Definition 2.3).
Here it is noteworthy that, let e = (e1, e2) then we(c, σ) = 0 ∀c ∉ {e1, e2}. Therefore,

GTa (c, σ) = 0 if c ∉ pathT (a). (11)
Therefore, the local observability condition induces a sparse GTa (⋅, σ) function, which will become
handy for us to allocate probability only for the actions populating it. Furthermore, we can also show
that, ∀a ∈ Π
∑
c∈Π

GTa (c, Φco) = ∑
c∈Π

∑
e∈path

T
(a)

we(c, Φco) = ∑
e∈path

T
(a)
∑
c∈Π

we(c, Φco) = Lao −LrootT o (12)

Hence, witness reference function GT satisfies the conditions of Lemma C.1. Hence,

Now we relax Vγ(q̂, p) with sparse GTa (⋅, σ).
Lemma 3.3. Let G = (L,Φ) be a locally observable partial monitoring game in the sense of
Definition 2.3. Let T be an in-tree of the neighborhood graph and GT be its associated witness
reference function. For all p ∈∆(Π), we have

Vγ(q̂(x), p) ≤ max
λ∈∆(Π)

pTLq̂(x) − λTLq̂(x) + 8
γ
∑
b∈Π
∑
c∈Π
(λb

pc
+ pb

pc
)∥GT (c, ⋅)b∥2∞

≤ max
λ∈∆(Π)

pTLq̂(x) − λTLq̂(x) + 32
γ

max
e∈E
∥we∥2∞ ∑

(b∈Π,c∈Π)∶c∈path
T
(b)
(λb

pc
+ pb

pc
) .

Proof. By Lemma C.1,

Coverage(p, λ) ≤ 8∑
b∈Π
∑
c∈Π
(λb

pc
+ pb

pc
)∥GTb (c, ⋅)∥2∞.

This finishes the proof of the first inequality of the lemma.

Furthermore, we have
GTb (c, ⋅) = ∑

e∈path
T
(b)

we(c, ⋅),

Let e = (e1, e2), then by Definition 2.3, we(c, ⋅) = 0 ∀c ≠ e1, e2. Hence,

Coverage(p, λ) ≤ 8∑
b∈Π
∑
c∈Π
(λb

pc
+ pb

pc
)∥GTb (c, ⋅)∥2∞

= 8∑
b∈Π
∑
c∈Π
(λb

pc
+ pb

pc
)∥ ∑

e∈path
T
(b)

we(c, ⋅)1{c ∈ {e1, e2}}∥2∞

= 8 max
e∈E
∥we∥2∞∑

b∈Π
∑
c∈Π
(λb

pc
+ pb

pc
)∥ ∑

e∈path
T
(b)
1{c ∈ {e1, e2}}∥2∞

= 32 max
e∈E
∥we∥2∞ ∑

(b,c)∶c∈path
T
(b)
(λb

pc
+ pb

pc
)

(one vertex will be a part of maximum 2 edges in an in-tree path)

≤ 32 max
e∈E
∥we∥2∞ ∑

(b∈Π,c∈Π)∶c∈path
T
(b)
(λb

pc
+ pb

pc
)
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This finishes the proof of the second inequality of the lemma.

Above result is true for any in-tree with an arbitrary root. However, in general, we do not want the
paths to be arbitrary: for a “bad” action c and a “good” action b (i.e., e⊺c Lq̂ is large while e⊺b Lq̂ is
small), we would like pc to be small and pb to be large to ensure pTLq̂(x) − λTLq̂(x) to be small;
however, if c happens to lie in pathT (b), that can cause the λb

pc
term to be very large. Hence,

1. We need to choose an in-tree T , such that the path to any action a have actions with smaller
estimated losses, such that assigning higher probability for them is both informative and
rewarding.

2. We need to find a mechanism to allocate probability along this in-tree T respecting 1), such
that both pTLq̂(x) − λTLq̂(x) and 32

γ
maxe∈E∥we∥2∞∑(b∈Π,c∈Π)∶c∈path

T
(b) (λb

pc
+ pb

pc
) are

controlled.

The best solution for 1) is an Lq̂-decreasing in-tree. We define T -decreasing in-tree as follows,
Definition C.1 (T -decreasing in-tree [Lattimore & Szepesvári, 2020]). Let T be an in-tree over [Π].
A vector y ∈ RΠ is called T -decreasing if ya ≥ yb for all directed edge (a, b) ∈ T . That is, a↦ ya is
decreasing towards the root of T .

Basically, an Lq̂-decreasing in-tree T will have the empirical best action (arg mina∈Π e⊺aLq̂(x)) as
the root and for every directed edge e = (a, b), e⊺aLq̂(x) ≥ e⊺bLq̂(x). Such a T is guaranteed to exist
by Lattimore & Szepesvári [2020] (Lemma 19).

For 2), we observe that, inverse-gap-weighting (IGW), by construction, assigns probability in an
increasing fashion toward the root. Now we provide the proof for Lemma 3.2.
Lemma 3.2 (Guarantee for Alg. 3 for locally observable games). Let G = (L,Φ) be a locally
observable partial monitoring game in the sense of Definition 2.3. For every γ > 0, and every
q̂ ∈∆(d), Alg. 2 run with κ = γ

8km2 and µ = k, outputs p such that

Vγ(q̂, p) ≤ O(m2k2

γ
) .

Proof. Recall that we define in Alg. 3 that, b̂ = arg mina∈Π e⊺aLq̂(x) and ∀a ∈ Π ∖ {b̂}, p(a) =
1

µ+κ(ea−eb̂)
⊺

Lq̂(x)
and p(b̂) = 1 −∑a∈Π∖{b̂} p(a).

We choose T to be Lq̂(x)-decreasing in-tree in the neighborhood graph; we have that for any (b, c)
such that c ∈ pathT (b), pc ≥ pb. This is true because for any c ∈ path(b) of Lq̂(x)-decreasing
in-tree, estimated loss of c is lower than estimated loss of b. Hence, by construction of IGW based
policy p, pc ≥ pb.

By Lemma 3.3 we have,

Coverage(p, λ) ≤ 32 max
e∈E
∥we∥2∞ ∑

(b,c)∶c∈path
T
(b)
(λb

pc
+ pb

pc
) .

Since for every c in pathT (b), pc ≥ pb

Coverage(p, λ) ≤ 32 max
e∈E
∥we∥2∞∑

b∈Π
(λb

pb
+ pb

pb
)

≤ 32 max
e∈E
∥we∥2∞k2 + 32 max

e∈E
∥we∥2∞k∑

b∈Π

λb

pb

Moreover,

sup
λ∈∆(Π)

⎧⎪⎪⎨⎪⎪⎩
p⊺Lq̂(x) − λ⊺Lq̂(x) + 1

γ
⋅ 32 max

e∈E
∥we∥2∞k∑

b∈Π

λb

pb

⎫⎪⎪⎬⎪⎪⎭
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≤ sup
λ∈∆(Π)

⎡⎢⎢⎢⎢⎣
∑
b∈Π
(pb − λb)Lb,∶q̂(x) +

1
γ
⋅ 32 max

e∈E
∥we∥2∞k∑

b∈Π
λb (µ + κ (eb − eb̂)

⊺
Lq̂(x))

⎤⎥⎥⎥⎥⎦

In the above inequality, we use the observation that pb̂ is lower bounded by 1
k

. This is true, since
µ = k.

sup
λ∈∆(Π)

⎧⎪⎪⎨⎪⎪⎩
p⊺Lq̂(x) − λ⊺Lq̂(x) + 1

γ
⋅ 32 max

e∈E
∥we∥2∞k∑

b∈Π

λb

pb

⎫⎪⎪⎬⎪⎪⎭

≤ sup
λ∈∆(Π)

⎡⎢⎢⎢⎢⎣
∑
b∈Π
(pb − λb)Lb,∶q̂(x) +

1
γ
⋅ 32 max

e∈E
∥we∥2∞k2 + ∑

b∈Π
λb (eb − eb̂)

⊺
Lq̂(x)

⎤⎥⎥⎥⎥⎦
(µ = k, κ = γ

32 maxe∈E∥we∥2∞k
)

Furthermore,

sup
λ∈∆(Π)

⎡⎢⎢⎢⎢⎣
∑
b∈Π
(pb − λb)Lb,∶q̂(x) + ∑

b∈Π
λb (eb − eb̂)

⊺
Lq̂(x)

⎤⎥⎥⎥⎥⎦
= ∑

b∈Π
pb ⋅ e⊺bLq̂(x) − e⊺

b̂
Lq̂(x)

= ∑
b∈Π∖{b̂}

pb ⋅ e⊺bLq̂(x) − e⊺
b̂
Lq̂(x)

= ∑
b∈Π∖{b̂}

1
µ + κ (ea − eb̂)

⊺
Lq̂(x)

⋅ e⊺bLq̂(x) − e⊺
b̂
Lq̂(x)

≤ k

κ
= 1

γ
⋅ 32 max

e∈E
∥we∥2∞k2

Hence, ∀q̂ ∈∆(d)

Vγ(q̂, p) ≤ 1
γ
⋅ 96 max

e∈E
∥we∥2∞k2.

Furthermore, revisiting Definition 2.3,

Lao −Lbo = ∑
c∈{a,b}

we(c, Φco), for all o ∈ [d].

= we(a, Φco) +we(b, Φco).

By Lemma G.3, one can always find, a witness function such that, ∥we∥∞ ≤ m
2 , Hence, ∀q̂ ∈∆(d)

Vγ(q̂, p) = O (m2k2

γ
) .

This completes the proof.

C.4 Non-degeneracy assumption
Definition 2.3 is applicable only when the game is non-degenerate. When there is degenerate action
in [k], the definition for local observability becomes,
Definition C.2 (Local observability, general form; Bartók et al. [2012b]). A globally observable
partial monitoring game is locally observable if for every edge e = (a, b) ∈ E of the neighborhood
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graph the witness function we of Definition 2.2 may be chosen supported on
N+a,b ∶= {c ∈ [k] ∶ Ca ∩ Cb ⊆ Cc},

that is, we(c, ⋅) ≡ 0 for all c ∉ N+a,b, so that
Lao −Lbo = ∑

c∈N+

a,b

we(c, Φco), for all o ∈ [d].

The set N+a,b contains the two endpoints, but may also contain degenerate actions whose cells lie
inside the shared face Ca∩Cb. For d = 3, for instance, a degenerate action with dim(Cc) = 1 is optimal
only along a line segment, whereas a Pareto optimal action is optimal on a two-dimensional region,
yet such an action can still be a necessary source of information.

Two parts of our development break under this more general condition. First, the exploration
rule must assign probability to the degenerate actions as well, which requires a modification of
SquareCB.PMSide. Second, Lemma G.3 no longer applies and must be replaced by Proposition 21 of
Lattimore & Szepesvári [2020] (see Lemma G.4 for restatement), which introduces a exponential factor
in d. The modification to the algorithm is straightforward, and we conjecture that SquareCB.PMSide
continues to guarantee O(

√
T ) regret, but the analysis requires care. We leave this extension to future

work.

D Contextual partial monitoring: reduction to offline regression

For definitions and examples of offline outcome estimation oracles, Please see Section B.2.

D.1 OE2D.PMSide
The bounds on Vγ(q̂(x), p(x)) established for globally observable games (Lemma 3.1) and for
locally observable games (Lemma 3.2), under the exploration strategies ϵ-Greedy.PMSide and
SquareCB.PMSide respectively, remain valid in the offline setting, since both hold for every
q̂ ∈∆(d) rather than for a particular estimate.

What does not carry over is the regret decomposition of Theorem 3.1. Inspecting the guarantee of
Assumption B.1, an offline oracle’s Hellinger bound makes two demands of the sampling policy:
it must be held fixed over the rounds to which the bound is applied, and it must be the policy that
collected the data from which q̂ was estimated.

The first is obtained by freezing the policy within each epoch (Line 8). The second is where coverage
does the work. Because Coverage(p, λ) is a supremum over pairs of models in the class and never
references q̂, a policy with small coverage distinguishes any two members of Q, in particular q̂ and
q∗, whichever estimate the oracle happens to return. Lemma D.1 makes this precise.

The DEC of Foster et al. [2021] lacks this property: its exploration term−γ ⋅Ea∼p [D2
H(Saq̂(x) ∣Saq)]

is anchored at q̂. In an epoch-based algorithm (Lines 7–14), the estimation error for a given q̂ therefore
cannot be controlled using a policy from a different epoch, which played no part in producing it.

Now we present our algorithm OE2D.PMSide.

Furthermore, we can employ Algorithm 2 for globally observable games, such that for every
γℓ > 16k2β2, and every q̂ ∈∆(d), Alg. 2 outputs p such that

Vγℓ
(q̂, p) ≤ O

⎛
⎝

kβ

√
1
γℓ

⎞
⎠

. (Lemma 3.1)

and for locally observable games, we can employ Algorithm 3, such that For every γℓ > 0, and every
q̂ ∈∆(d), Alg. 2 run with κ = γ

8k2m2 and µ = k, outputs p such that

Vγℓ
(q̂, p) ≤ O(m2k3

γℓ
) . (Lemma 3.2)

28



Preprint.

Algorithm 4 OE2D.PMSide
1: parameters:

Offline estimation oracle AlgOff
Exploration parameters {γℓ}L

ℓ=1
Error rates {δℓ}L

ℓ=1
Epoch schedule 0 = τ0 < τ1 < ⋯ < τL

2: for t = 1 to τ1 do
3: Observe the context xt

4: Find pt that approximately minimizes,
sup

λ∈∆(Π)
Coverage(p, λ).

5: Choose action At ∼ pt and observe feedback σt

6: end for
7: for ℓ = 2, 3,⋯, L do
8: Compute estimate q̂ℓ = AlgOff ({As, xs, σs}

τℓ−1

s=τℓ−2+1)
9: for t = τℓ−1 + 1 to τℓ do

10: Receive context xt

11: Find pt that approximately minimizes

Vγℓ
(q̂ℓ(xt), p) ∶= sup

λ∈∆(Π)
p⊺Lq̂ℓ(xt) − λ⊺Lq̂ℓ(xt)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

exploit

+ 1
γℓ
⋅Coverage(p, λ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

explore

.

12: Choose action At ∼ pt and observe feedback σt.
13: end for
14: end for

So in both cases, we have algorithms to find policies that establishes an upper bound for our objective
function. Let us denote it by Vℓ. So,

Vℓ = O
⎛
⎝

kβ

√
1
γℓ

⎞
⎠

(for globally observable games)

Vℓ = O(m2k3

γℓ
) (for locally observable games)

Furthermore, within a single epoch ℓ for all round t ∈ [τℓ−1+1, τℓ], the estimator does not change(q̂ℓ(⋅)),
only the context xt changes. So, within an epoch ℓ,

xt1 = xt2 Ô⇒ q̂ℓ(xt1) = q̂ℓ(xt2) Ô⇒ pt1 = pt2 ∀t1, t2 ∈ [τℓ−1 + 1, τℓ]

So, we can always think that within an epoch, every pt is sampled from a fixed distribution pℓ(⋅ ∣ xt),
that is, we can denote,

pt ← pℓ(⋅ ∣ xt) ∀t ∈ [τℓ−1 + 1, τℓ].

D.2 Regret analysis
Next, for readability and reduce the notations clutter we define the following,
Definition D.1. Define:

• L⋆(λ ∣ x) = λTLq∗(x): The loss incurred by policy λ under true outcome distribution q∗

for a context x.
• L̂ℓ(λ ∣ x) = λTLq̂ℓ(x): The loss incurred by policy λ under estimated distribution q̂ℓ for a

context x.
• λ∗ = arg minλ∈∆(Π)L⋆(λ ∣ x): The true best policy for context x.

• λ̂ℓ = arg minλ∈∆(Π) L̂ℓ(λ ∣ x): The estimated best policy for context x.
• Reg(λ ∣ x) = L⋆(λ ∣ x) − L⋆(λ⋆ ∣ x): The regret incurred by policy λ under true outcome

distribution q∗ for a context x.
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• R̂egℓ(λ ∣ x) = L̂ℓ(λ ∣ x) − L̂ℓ(λ̂ ∣ x): The regret incurred by policy λ under estimated
distribution q̂ℓ for a context x.

• C(pℓ, λ) = Coverage(pℓ, λ, )
• Eℓ = Ea∼pℓ−1 [D2

H (Saq̂ℓ(x) ∣ Saq∗(x))]

In all the above definitions, we might drop (⋅ ∣ x), when it is evident from the context. For example,
we might denote L⋆(λ ∣ x) → L⋆(λ).

Next we present two important properties of our policies and estimators.

Certification:

This property is a direct consequence of our algorithms finding the policies which bounds our objective
function by Vℓ.

∀x ∈ X and ∀ℓ ≥ 1,

Vγℓ
(q̂ℓ(x), pℓ) = sup

λ∈∆(Π)
p⊺ℓLq̂ℓ(x) − λ⊺Lq̂ℓ(x) +

1
γℓ
⋅Coverage(pℓ, λ) ≤ Vℓ

Hence,

∀x ∈ X , ∀ℓ ≥ 1 and, ∀λ ∈ Π

p⊺ℓLq̂ℓ(x) − λ⊺Lq̂ℓ(x) +
1
γℓ
⋅Coverage(pℓ, λ) ≤ Vℓ

Ô⇒ L̂ℓ(pℓ ∣ x) − L̂ℓ(λ ∣ x) +
1
γℓ
⋅C(pℓ, λ) ≤ Vℓ

Since, this is true for all x ∈ X , we take the liberty to drop it,

L̂ℓ(pℓ) − L̂ℓ(λ) +
1
γℓ
⋅C(pℓ, λ) ≤ Vℓ. (certification)

Off-policy evaluation (OPE):
Lemma D.1 (Off-policy evaluation lemma). With all the definitions in Definition D.1, ∀λ,∀ℓ ≥ 2,
and ∀x,

∣L̂ℓ(λ − pℓ−1 ∣ x) − L⋆(λ − pℓ−1 ∣ x)∣ ≤
1

6γℓ
⋅C(pℓ−1, λ) + 3γℓ

2
Eℓ. (Off-policy evaluation)

Proof.

(L̂ℓ(λ − pℓ−1 ∣ x) − L⋆(λ − pℓ−1 ∣ x))
2

= ((λ − pℓ−1)TLq̂ℓ(x) − (λ − pℓ−1)TLq∗(x))
2

=
((λ − pℓ−1)TL(q̂ℓ(x) − q∗(x)))2

Ea∼pℓ−1 [D2
H (Saq̂ℓ(x) ∣ Saq∗(x))]

⋅Ea∼pℓ−1 [D2
H (Saq̂ℓ(x) ∣ Saq∗(x))]

≤ Coverage(pℓ−1, λ) ⋅Ea∼pℓ−1 [D2
H (Saq̂ℓ(x) ∣ Saq∗(x))]

∣L̂ℓ(λ − pℓ−1 ∣ x) − L⋆(λ − pℓ−1 ∣ x)∣

≤
√

Coverage(pℓ−1, λ) ⋅Ea∼pℓ−1 [D2
H (Saq̂ℓ(x) ∣ Saq∗(x))]

≤ 1
6γℓ
⋅Coverage(pℓ−1, λ) + 3γℓ

2
Ea∼pℓ−1 [D2

H (Saq̂ℓ(x) ∣ Saq∗(x))] (AM-GM)
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= 1
6γℓ
⋅C(pℓ−1, λ) + 3γℓ

2
Eℓ.

The second term is the generalization error of the offline oracle: q̂ℓ is estimated from data collected
in the previous epoch under pℓ−1, so Assumption B.1 (Hellinger boundedness) applies to it directly.
This coupling between the estimate and the policy that produced it is what makes the offline analysis
more delicate than the online one, where the estimator is updated as the data arrive.

The first term involves no estimate at all: Coverage(pℓ−1, λ) depends only on the model class, on λ
and on pℓ−1. A policy that makes it small therefore controls the evaluation error for every q̂ ∈ co(Qx)
at once, in particular for whichever estimate the oracle returns in epoch ℓ.

Now we present an abstract regret theorem about epoch-based offline oracle-efficient interactive
learning algorithm from Qin & Zhang [2026a].
Theorem D.1 (Generalization of regret concentration theorem from Qin & Zhang [2026a]). Let Λ be
a set of policies, L(⋅ ∣ x) ∶ Λ→ [0, 1] a value function and L⋆(⋅ ∣ x) and L̂ℓ(⋅ ∣ x), ℓ ∈ [L] are value
functions measured under the true model and estimated models respectively. λ⋆ ∈ Λ and λ̂ℓ ∈ Λ are
respectively the optimal policies under respective true and estimated models. Let Cℓ ∶ Λ×Λ→ R+ be
coverage maps, pℓ ∈ Λ are decisions, 0 < γ1 ≤ γ2 ≤ ⋯ ≤ γL learning rates, and Vℓ, Eℓ ≥ 0 numbers
such that,

(C1) (certificate) for every ℓ ≥ 1 and every λ ∈ Λ,

L̂ℓ(pℓ ∣ x) − L̂ℓ(λ ∣ x) +
1
γℓ

Cℓ(pℓ, λ) ≤ Vℓ.

(C2) (off-policy evaluation) for every ℓ ≥ 2 and every λ ∈ Λ,

∣L̂ℓ(λ − pℓ−1 ∣ x) − L⋆(λ − pℓ−1 ∣ x)∣ ≤
1

6γℓ
Cℓ−1(pℓ−1, λ) + 3γℓ

2
Eℓ.

Define G1 := 1 and, for ℓ ≥ 2,

γℓGℓ := γℓ−1Gℓ−1 + γℓ−1Vℓ−1 + 9γ2
ℓ Eℓ, i.e. Gℓ =

1
γℓ

⎡⎢⎢⎢⎢⎣
γ1 +

ℓ

∑
i=2
(γi−1Vi−1 + 9γ2

i Ei)
⎤⎥⎥⎥⎥⎦

.

Then, for every ℓ ∈ [L] and every λ ∈ Λ,
Reg(λ ∣ x) ≤ 2R̂egℓ(λ ∣ x) +Gℓ and R̂egℓ(λ ∣ x) ≤ 2Reg(λ ∣ x) +Gℓ.

Consequently Reg(pℓ ∣ x) ≤ 2Vℓ +Gℓ for every ℓ, and
L

∑
ℓ=1
(τℓ − τℓ−1)Reg(pℓ ∣ x) ≤ τ1 +

L

∑
ℓ=2

τℓ − τℓ−1

γℓ

⎡⎢⎢⎢⎢⎣
2γℓVℓ + γ1 +

ℓ

∑
i=2
(γi−1Vi−1 + 9γ2

i Ei)
⎤⎥⎥⎥⎥⎦

.

Proof is deferred to Appendix G. We can apply this theorem directly and obtain a per-context regret
bound. Now we state the main theorem that bounds the regret with high probability for any epoch
schedule.
Theorem D.2 (Regret of OE2D.PMSide). Suppose AlgOff has a Hellinger regret bound
RegH

Off (Q, T, δ). For any non-degenerate globally observable partial monitoring game without
duplicate actions, assume that xt

i.i.d∼ Dx, then for any δ ∈ (0, 1), OE2D.PMSide run with

1. exploration rule Algorithm 2 for globally observable game (with γℓ > 16k2β2 ∀ℓ ∈ [L]).
2. exploration rule Algorithm 3 for locally observable game (with κ = γℓ

8k2m2 ∀ℓ ∈ [L] and
µ = k)

3. exploration parameters such that, 0 < γ1 ≤ γ2 ≤ ⋯ ≤ γL

satisfies,
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R̃egT ≤ L ⋅ τ1 + 2L max
ℓ∈[L]

τℓ − τℓ−1

γℓ

⎛
⎝

2γℓVℓ + γ1 +
ℓ

∑
i=2
(γi−1Vi−1 + 9γ2

i RegH
Off(Q, τi − τi−1, δi))

⎞
⎠

.

where,

• R̃egT = Ex1,...,xT
i.i.d∼ Dx

[RegT ]

• Vℓ = O(kβ
√

1
γℓ
) for globally observable games

• Vℓ = O(m2k3

γℓ
) for locally observable games

Proof. From Theorem D.1, the regret per-context is bounded by,
L

∑
ℓ=1
(τℓ − τℓ−1)Reg(pℓ ∣ x) ≤ τ1 +

L

∑
ℓ=2
(τℓ − τℓ−1)(2Vℓ +Gℓ) (Reg(p1 ∣ x) ≤ 1)

= τ1 +
L

∑
ℓ=2

τℓ − τℓ−1

γℓ

⎡⎢⎢⎢⎢⎣
2γℓVℓ + γ1 +

ℓ

∑
i=2
(γi−1Vi−1 + 9γ2

i Ei)
⎤⎥⎥⎥⎥⎦

.

Let us denote,
R̃egT = Ex

i.i.d∼ Dx
[RegT ]

Here, note that, even though the randomness w.r.t to contexts are removed, R̃egT , is still a random
variable in terms of policy. Hence,

R̃egT = Ex
i.i.d∼ Dx

[RegT ] = E
⎡⎢⎢⎢⎢⎣

L

∑
ℓ=1

τℓ

∑
t=τℓ−1

Reg(pℓ ∣ xt)
⎤⎥⎥⎥⎥⎦

≤ E
⎡⎢⎢⎢⎢⎣

L

∑
ℓ=1

τ1 +
L

∑
ℓ=2

τℓ − τℓ−1

γℓ

⎛
⎝

2γℓVℓ + γ1 +
ℓ

∑
i=2
(γi−1Vi−1 + 9γ2

i Ei)
⎞
⎠

⎤⎥⎥⎥⎥⎦

≤ L ⋅ τ1 + 2L max
ℓ∈[L]

τℓ − τℓ−1

γℓ

⎛
⎝

2γℓVℓ + γ1 +
ℓ

∑
i=2
(γi−1Vi−1 + 9γ2

i Ex
i.i.d∼ Dx

[Ei])
⎞
⎠

.

If the contexts are i.i.d such that, xt
i.i.d∼ Dx, then,

R̃egT ≤ L ⋅ τ1

+ 2L max
ℓ∈[L]

τℓ − τℓ−1

γℓ

⎛
⎝

2γℓVℓ + γ1 +
ℓ

∑
i=2
(γi−1Vi−1 + 9γ2

i Ex
i.i.d∼ Dx

Ea∼pℓ−1 [D2
H (Saq̂ℓ(x) ∣ Saq∗(x))])

⎞
⎠

≤ L ⋅ τ1 + 2L max
ℓ∈[L]

τℓ − τℓ−1

γℓ

⎛
⎜
⎝

2γℓVℓ + γ1 +
ℓ

∑
i=2

⎛
⎝

γi−1Di−1 + 9γ2
i

RegH
Off(Q, τi − τi−1)

τi − τi−1

⎞
⎠
⎞
⎟
⎠

.

We know that, with probability of at least 1- δ′,

RegH
Off(Q, τi − τi−1) ≤ RegH

Off(Q, τi − τi−1, δ)
Set δℓ = δ

L
, with a probability at least 1 − δ,

R̃egT ≤ L ⋅ τ1 + 2L max
ℓ∈[L]

τℓ − τℓ−1

γℓ

⎛
⎜⎜
⎝

2γℓVℓ + γ1 +
ℓ

∑
i=2

⎛
⎜
⎝

γi−1Vi−1 + 9γ2
i

RegH
Off(Q, τi − τi−1, δi)

τi − τi−1

⎞
⎟
⎠

⎞
⎟⎟
⎠

.
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The final regret depends on epoch schedule. We choose a doubling epoch schedule.

Corollary 3. Suppose AlgOff has a Hellinger regret bound RegH
Off (Q, T, δ). For any non-

degenerate globally observable partial monitoring game without duplicate actions, assume that
x1, . . . , xT

i.i.d∼ Dx, then for any δ ∈ (0, 1), the algorithm OE2D.PMSide run with,
1. exploration rule Algorithm 2 for globally observable game (with γℓ > 16k2β2 ∀ℓ ∈ [L]).
2. exploration rule Algorithm 3 for locally observable game (with κ = γℓ

8k2m2 ∀ℓ ∈ [L] and
µ = k)

3. doubling schedule, such that τℓ = 2ℓ

4. exploration parameters such that, 0 < γ1 ≤ γ2 ≤ ⋯ ≤ γL

5. with assumption RegH
Off(Q, t, δ) does not depend on t. Generally this is the case.

6. with δℓ = δ
L

satisfies the following guarantees,

1. For globally observable games, with γℓ = ( C⋅τℓ⋅kβ

RegH
Off(Q,τℓ/2,δ/L)

)
2
3

for some constant C,

R̃egT ≤ O (T 2
3 log2(T )(kβ) 2

3 (RegH
Off(Q, T, δ/ log(T ))) 1

3 )

2. For locally observable games, with γℓ =
√

D⋅τℓ⋅k3m2

RegH
Off(Q,τℓ/2,δℓ)

for some constant D,

R̃egT = O (log2(T )
√

T ⋅ k3m2RegH
Off(Q, T /2, δ/ log(T )))

where, R̃egT = Ex
i.i.d∼ Dx

[RegT ].

Proof. First of all, for doubling epoch schedule,
τL = O(T )

τℓ − τℓ−1 =
τℓ

2
L = O(log T )

R̃egT ≤ L ⋅ τ1 + 2L max
ℓ∈[L]

τℓ − τℓ−1

γℓ

⎛
⎜⎜
⎝

2γℓVℓ + γ1 +
ℓ

∑
i=2

⎛
⎜
⎝

γi−1Vi−1 + 9γ2
i

RegH
Off(Q, τi − τi−1, δi)

τi − τi−1

⎞
⎟
⎠

⎞
⎟⎟
⎠

.

= L ⋅ τ1 + 2L max
ℓ∈[L]

τℓ

2γℓ

⎛
⎜⎜
⎝

2γℓVℓ + γ1 +
ℓ

∑
i=2

⎛
⎜
⎝

γi−1Vi−1 + 9γ2
i

RegH
Off(Q, τi/2, δi)

τi/2
⎞
⎟
⎠

⎞
⎟⎟
⎠

.

≤ L ⋅ τ1 + 2L max
ℓ∈[L]

τℓ

2γℓ

⎛
⎜⎜
⎝

γ1 +
ℓ

∑
i=2

γi

⎛
⎜
⎝

2Vi + 18γi
RegH

Off(Q, τi/2, δi)
τi

⎞
⎟
⎠

⎞
⎟⎟
⎠

.

≤ L ⋅ τ1 + 2L2 max
ℓ∈[L]

τℓ

2γℓ

⎛
⎜⎜
⎝

γ1 +max
i∈[ℓ]

γi

⎛
⎜
⎝

2Vi + 18γi
RegH

Off(Q, τi/2, δi)
τi

⎞
⎟
⎠

⎞
⎟⎟
⎠

.

= L ⋅ τ1 + 2L2 max
ℓ∈[L]

τℓ

2γℓ
(γ1 +max

i∈[ℓ]

γi

τi
(2τiVi + 18γiRegH

Off(Q, τi/2, δi))) .
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For globally observable games,

Vi = C ⋅ kβ

√
1
γi

(for some constant C)

R̃egT ≤ = L ⋅ τ1 + 2L2 max
ℓ∈[L]

τℓ

2γℓ

⎛
⎜
⎝

γ1 +max
i∈[ℓ]

γi

τi

⎛
⎝

2τiC ⋅ kβ

√
1
γi
+ 18γiRegH

Off(Q, τi/2, δi)
⎞
⎠
⎞
⎟
⎠

.

set γi = ( Cτi⋅kβ

RegH
Off(Q,τi/2,δi)

)
2
3

R̃egT

≤ L ⋅ τ1 + 2L2 max
ℓ∈[L]

τℓ

2γℓ
(γ1 +max

i∈[ℓ]

γi

τi
(2 ⋅ (C ⋅ τikβ) 2

3 (RegH
Off(Q, τi/2, δi))

1
3 + 18(C ⋅ τikβ) 2

3 (RegH
Off(Q, τi/2, δi))

1
3 ))

= L ⋅ τ1 + 2L2 max
ℓ∈[L]

τℓ

2γℓ
(γ1 + 20 max

i∈[ℓ]

γi

τi
(C ⋅ τikβ) 2

3 (RegH
Off(Q, τi/2, δi))

1
3 ) .

= L ⋅ τ1 + 2L2 max
ℓ∈[L]

τℓ

2γℓ
(γ1 + 20 max

i∈[ℓ]

1
τi
(C ⋅ τikβ) 4

3 (RegH
Off(Q, τi/2, δi))−

1
3 ) .

≤ L ⋅ τ1 + 2L2 max
ℓ∈[L]

τℓ

2γℓ
(γ1 + 20τ

1
3

ℓ (C ⋅ kβ) 4
3 (max

i∈[ℓ]
RegH

Off(Q, τi/2, δi))−
1
3 ) .

= L ⋅ τ1 +L2 max
ℓ∈[L]

(RegH
Off(Q, τℓ/2, δℓ))

2
3 τ

1
3

ℓ

(C ⋅ kβ) 2
3

(γ1 + 20τ
1
3

ℓ (C ⋅ kβ) 4
3 (max

i∈[ℓ]
RegH

Off(Q, τi/2, δi))−
1
3 ) .

= O
⎛
⎜
⎝

L2(C ⋅ kβ) 2
3 max

ℓ∈[L]
τ

2
3

ℓ

maxℓ∈[L](RegH
Off(Q, τℓ/2, δℓ))

2
3

minℓ∈[L](RegH
Off(Q, τℓ/2, δℓ))

1
3

⎞
⎟
⎠

= O (T 2
3 log2(T )(kβ) 2

3 (RegH
Off(Q, T, δ/ log(T ))) 1

3 )

(Here we assume RegH
Off(Q, t, δ) do not depend on t. Generally this is the case.)

And for locally observable games,

Vi =D ⋅ m
2k3

γi
(for some constant D)

R̃egT ≤ = L ⋅ τ1 + 2L2 max
ℓ∈[L]

τℓ

2γℓ

⎛
⎝

γ1 +max
i∈[ℓ]

γi

τi
(2τiD ⋅m2k3 1

γi
+ 18γiRegH

Off(Q, τi/2, δi))
⎞
⎠

.

set γi =
√

D⋅τi⋅k3m2

RegH
Off(Q,τi/2,δi)

R̃egT ≤ L ⋅ τ1 + 2L2 max
ℓ∈[L]

τℓ

2γℓ

⎛
⎝

γ1 + 20 max
i∈[ℓ]

γi

τi
(
√

D ⋅ τi ⋅ k3m2RegH
Off(Q, τi/2, δi))

⎞
⎠

= L ⋅ τ1 + 2L2 max
ℓ∈[L]

τℓ

2γℓ

(γ1 + 20D ⋅ k3m2)

= L ⋅ τ1 + 2L2 max
ℓ∈[L]

√
τℓRegH

Off(Q, τℓ/2, δℓ)√
D ⋅ k3m2

(γ1 + 20D ⋅ k3m2)
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= O (L2
√

T ⋅ k3m2RegH
Off(Q, T /2, δ/L))

= O (log2(T )
√

T ⋅ k3m2RegH
Off(Q, T /2, δ/ log(T )))

E Empirical studies
Additional LLM-routing details. The cached BoolQ dataset contains 12,697 prompts, of which
12,648 have parseable responses from both Qwen2.5-0.5B-Instruct, used as the weak model, and
Llama-2-13B-Chat, used as the strong reference model. The binary routing outcome indicates
whether their cached responses disagree; BoolQ gold labels are not used as routing outcomes. Each
prompt is represented by a 138-dimensional context consisting of 10 weak-model uncertainty and
probability statistics, 64 whitened principal components of the weak model’s hidden states, and 64
whitened principal components of a context-free prompt embedding. All 12,648 eligible examples
are presented online, and outcomes are revealed only after querying the strong model. Each policy
makes a routing decision at every round, whereas its estimator is updated only once in 32 rounds,
using all feedback revealed before that round. CBPSide [Bartók et al., 2012a; An et al., 2026] uses a
linear logistic disagreement model and the confidence radius

βt(xt) =min{0.5s
√

x⊺t V −1
t−1xt, 0.5} ,

where s is the tuned multiplier. The two SquareCB.PMSide variants use µ = 2, κ = s
√

T , and inverse-
propensity weights capped at 10. Their only intended difference is the disagreement-probability
estimator. The linear variant fits an L2-regularized logistic model with C = 1, the lbfgs solver, and
a weighted standardization step. The nonlinear variant uses scikit-learn’s histogram gradient-boosting
(HGB) classifier with binary log loss, 50 boosting iterations, learning rate 0.05, at most 15 leaves per
tree, a minimum of 20 samples per leaf, L2 regularization 1, and no early stopping. At each eligible
update, both estimators are refitted using their complete accumulated inverse-propensity-weighted
feedback. PG-TS [Grant & Leslie, 2021] uses a Bayesian logistic disagreement model with

θ ∼ N(0, (sσ0)2I) , σ0 = 1,

and performs 15 Pólya–Gamma Gibbs transitions whenever its posterior is updated.

Both ETC baselines [Garivier et al., 2016] use an initial exploration budget of s ⋅ T 2/3 rounds to fit a
linear-logistic model and a histogram gradient boosting (HGB) model respectively. The fitted models
are then frozen, and the remaining queries are routed according to them. The random baseline instead
routes each query to the strong model with a fixed probability, independent of context, swept over
{0, 0.2, 0.4, 0.6, 0.8, 1}.
Table 2 shows how s is used to tune different hyper-parameters for different algorithms. For each
policy and each ℓ01, we select s ∈ {0.1, 0.3, 1, 3, 10} by minimizing mean total cost over 20 paired
random permutations of the online arrival order. Random is computed analytically by matching the
routing rate of the selected nonlinear SquareCB.PMSide policy. Figure 2a reports mean realized
total cost with pointwise 95% Student-t confidence intervals. The learning curves in Figure 4 report
cumulative excess cost relative to a fixed five-fold cross-fitted HGB reference policy. These extend the
results discussed in Section 4. Each reference probability is produced by an HGB model that excludes
the evaluated example and is used only for evaluation, never as online feedback. Because multiplier
selection and evaluation use the same permutations, all selected-policy results are interpreted as
exploratory tuned comparisons.
Observations From Figure 2a, it is evident that, both the linear-logistic and nonlinear HGB
instantiations of SquareCB.PMSide achieve lower mean realized total cost than CBPSide, while
the nonlinear HGB variant also outperforms PG-TS. These results illustrate a practical advantage of
the oracle-efficient SquareCB.PMSide formulation: it can incorporate flexible nonlinear prediction
models without modifying the surrounding routing policy. Furthermore, generally ETC is expected to
perform worse due to O(T 2/3) regret, however here due to limited test data size 12,648 compared to
larger dimension 138, it performs competitively. It is evident in the learning curves as well (Figure 4).
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Figure 3: Routing–accuracy trade-off on BoolQ. The horizontal axis reports the fraction of prompts
routed to the strong model, while the vertical axis reports agreement with the cached strong-model
response. Thus, points closer to the upper-left corner are preferable, as they achieve higher agreement
while making fewer strong-model queries. Each marker is the mean over 20 shuffled online orders,
with confidence intervals omitted for visual clarity. Along each curve, the connected markers follow
increasing values ℓ01 ∈ {1.8, 2.0, 2.2, 2.4, 2.6, 2.8, 3.0, 3.2, 3.3}. Increasing ℓ01 assigns a larger
penalty to an incorrect weak-model response and therefore generally moves the policy toward more
strong-model routing and higher agreement.

Moreover, Figure 3 shows the trade-off between routing accuracy and the rate at which the strong
model is invoked; algorithms achieving higher accuracy at a lower invocation rate are preferable.
SquareCB.PMSide with the HGB model attains the best trade-off among the algorithms compared.

Table 2: Meaning of the multiplier s for each algorithm.

Algorithm Scaled quantity Effect of larger s

CBPside confidence width swi more exploration
RandCBPside sampled confidence width swi more exploration
SquareCB.PMSide IGW rate κ = s

√
T less exploration

ETC exploration length s T 2/3 more exploration
PG-TS prior variance sσ0 more exploration

Additional contextual label-efficient prediction experimental details. Contexts are drawn i.i.d.
as xt ∼ Unif([0, 1]10), and a single weight vector w is sampled once from Unif(0, 0.1)10 and
normalized so that wi ≥ 0 and ∑i wi = 1; consequently w⊺x is a convex combination of the
coordinates of x and lies in [0, 1] by construction. The binary outcome is the deterministic threshold
yt = 1{w⊺xt ≥ 0.5}. We evaluate c ∈ {0.1, 0.2, 0.3, 0.4, 0.45}; we stop short of c = 0.5 because at
that point the cell of the expert action collapses to a single point: the action becomes degenerate, the
two prediction actions become neighbors, and the game falls outside the non-degenerate class that
our analysis covers. Each experiment uses horizon T = 3000 and is repeated over 20 independent
seeds, and for each policy and each c we select s ∈ {0.1, 0.3, 1, 3, 10} by minimizing mean total cost
over those 20 paired seeds. Each method has exactly one exploration parameter. To place them
on a common footing we scale each by a shared multiplier s, sweeping s ∈ {0.1, 0.3, 1, 3, 10} as
summarised in Table 2. Furthermore, The random baseline instead routes each query to the strong
model with a fixed probability, independent of context, swept over {0, 0.2, 0.4, 0.6, 0.8, 1}.
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0 2000 4000 6000 8000 10000 12000
Round (t)

0

250

500

750

1000

1250

1500

1750

R
eg

re
t (

ex
ce

ss
 c

os
t)

CBPSide (linear logistic)
ETC + HGB leaves=15
ETC + linear logistic
SquareCB.PMSide + linear logistic
SquareCB.PMSide + HGB leaves=15
PG-TS (Bayesian logistic)
Random

(e) ℓ01 = 2.6
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Figure 4: Cumulative empirical regret, measured as excess realized cost relative to the fixed five-fold
cross-fitted HGB reference policy, for each value of ℓ01. Curves show means over 20 paired random
arrival orders, and shaded regions are pointwise 95% Student-t confidence intervals. Lower values
are better; negative regret indicates that the online policy incurs lower realized cost than the fixed
reference policy.
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(c) c = 0.3
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(d) c = 0.4
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Figure 5: Cumulative regret against round t for each value of the information cost c, with every
algorithm at its best multiplier. Shaded bands are 95% Student-t confidence intervals for the mean
over 20 seeds.

Observations Figure 2b shows total cost as a function of c, and Figure 5 the learning curves for all
compared algorithms across the full sweep. These extend the results discussed in Section 4.

F Algorithm for Lq-decreasing tree construction
Given a locally observable game G = (L,Φ) and an outcome distribution q ∈ ∆(d), we denote
ℓa ∶= e⊺aLq for the loss of action a under the outcome distribution q. Since a partial monitoring
game can be represented as a neighborhood graph (Π,E), we can construct a spanning in-tree T ⊆ E
rooted at the action with the smallest loss â ∈ arg mina∈Π ℓa. The following algorithm constructs an
Lq-decreasing in-tree by selecting each action’s best neighbor to be its parent, then constructing the
in-tree T with the selected neighbors as edges.

Algorithm 5 Constructing an Lq-decreasing in-tree by selecting each action’s parent
1: Input: A locally observable game G = (L,Φ), its neighborhood graph (Π,E), and q ∈∆(d).
2: Output: A spanning in-tree T ⊆ E with root rootT = â such that Lq is T -decreasing.
3: For each a ∈ Π, compute ℓa = e⊺aLq, and choose the root â ∈ arg mina∈Π ℓa.
4: Choose q○ ∈ ri(Câ), which is the relative interior of the cell Câ.
5: Initialize T ← ∅.
6: for each a ∈ Π ∖ {â} do
7: Find the best neighbors Ba ← arg minb∶ (a,b)∈E ℓb.
8: Choose parT (a) ∈ arg minb∈Ba

e⊺bLq○, breaking any remaining ties arbitrarily.
9: T ← T ∪ {(a, parT (a))}.

10: end for
11: return the in-tree T with rootT = â.

The proof of such an Lq-decreasing in-tree construction is provided in Lattimore & Szepesvári [2020,
Lemma 19].

G Auxiliary Lemmata
Lemma G.1 (Pareto optimal comparators suffice). For every q ∈∆(d),

min
λ∈∆(Π)

λ⊺Lq =min
a∈Π

e⊺aLq = min
a∈[k]

e⊺aLq = min
λ∈∆(k)

λ⊺Lq.
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Proof. A linear function on a simplex attains its minimum at a vertex, which gives the outer two
equalities, so it suffices to show ⋃a∈Π Ca = ∆(d). The cells cover ∆(d) by Definition 2.1, and
⋃a∉Π Ca is a finite union of polytopes of dimension at most d − 2, hence has empty interior relative to
the (d − 1)-dimensional set ∆(d). So ⋃a∈Π Ca is dense in ∆(d); being a finite union of closed sets it
is closed, and therefore equals ∆(d).

Theorem D.1 (Regret concentration generalized from Qin & Zhang [2026a]). Let Λ be a set of
policies, L(⋅ ∣ x) ∶ Λ→ [0, 1] a value function and L⋆(⋅ ∣ x) and L̂ℓ(⋅ ∣ x), ℓ ∈ [L] are value functions
measured under the true model and estimated models respectively. λ⋆ ∈ Λ and λ̂ℓ ∈ Λ are respectively
the optimal policies under respective true and estimated models. Let Cℓ ∶ Λ ×Λ→ R+ be coverage
maps, pℓ ∈ Λ are decisions, 0 < γ1 ≤ γ2 ≤ ⋯ ≤ γL learning rates, and Vℓ, Eℓ ≥ 0 numbers such that,

(C1) (certificate) for every ℓ ≥ 1 and every λ ∈ Λ,

L̂ℓ(pℓ ∣ x) − L̂ℓ(λ ∣ x) +
1
γℓ

Cℓ(pℓ, λ) ≤ Vℓ.

(C2) (off-policy evaluation) for every ℓ ≥ 2 and every λ ∈ Λ,

∣L̂ℓ(λ − pℓ−1 ∣ x) − L⋆(λ − pℓ−1 ∣ x)∣ ≤
1

6γℓ
Cℓ−1(pℓ−1, λ) + 3γℓ

2
Eℓ.

Define G1 := 1 and, for ℓ ≥ 2,

γℓGℓ := γℓ−1Gℓ−1 + γℓ−1Vℓ−1 + 9γ2
ℓ Eℓ, i.e. Gℓ =

1
γℓ

⎡⎢⎢⎢⎢⎣
γ1 +

ℓ

∑
i=2
(γi−1Vi−1 + 9γ2

i Ei)
⎤⎥⎥⎥⎥⎦

.

Then, for every ℓ ∈ [L] and every λ ∈ Λ,
Reg(λ ∣ x) ≤ 2R̂egℓ(λ ∣ x) +Gℓ and R̂egℓ(λ ∣ x) ≤ 2Reg(λ ∣ x) +Gℓ. (13)

Consequently Reg(pℓ ∣ x) ≤ 2Vℓ +Gℓ for every ℓ, and
L

∑
ℓ=1
(τℓ − τℓ−1)Reg(pℓ ∣ x) ≤ τ1 +

L

∑
ℓ=2

τℓ − τℓ−1

γℓ

⎡⎢⎢⎢⎢⎣
2γℓVℓ + γ1 +

ℓ

∑
i=2
(γi−1Vi−1 + 9γ2

i Ei)
⎤⎥⎥⎥⎥⎦

. (14)

Proof. We prove Eq. equation 13 by induction on ℓ. For ℓ = 1 both inequalities hold with G1 = 1,
since Reg and R̂eg1 take values in [0, 1]. Fix ℓ ≥ 2 and assume Eq. equation 13 to hold at ℓ − 1.

First, we establish that, for every λ, our policy and estimator guarantees Low Regret (LR) and Good
Coverage(GC).

That is, from (C1) for epoch ℓ − 1, we have

L̂ℓ−1(pℓ−1 ∣ x) − L̂ℓ−1(λ ∣ x) +
1

γℓ−1
Cℓ−1(pℓ−1, λ) ≤ Vℓ−1

L̂ℓ−1(pℓ−1 ∣ x) − L̂ℓ−1(λ̂ℓ−1 ∣ x) − (L̂ℓ−1(λ ∣ x) − L̂ℓ−1(λ̂ℓ−1 ∣ x)) +
1

γℓ−1
Cℓ−1(pℓ−1, λ) ≤ Vℓ−1

R̂egℓ−1(pℓ−1 ∣ x) + (
1

γℓ−1
Cℓ−1(pℓ−1, λ) − R̂egℓ−1(λ ∣ x)) ≤ Vℓ−1

Above statement is true for all λ, including the the case where R̂egℓ−1(λ ∣ x) = 0 and Cℓ(pℓ−1, λ) is
always ≥ 0. Hence,

R̂egℓ−1(pℓ−1 ∣ x) ≤ Vℓ−1. (Low Regret (LR))

Also,

( 1
γℓ−1

Cℓ−1(pℓ−1, λ) − R̂egℓ−1(λ ∣ x)) ≤ Vℓ−1.
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Hence,
Cℓ−1(pℓ−1, λ) ≤ γℓ−1 [Vℓ−1 + R̂egℓ−1(λ ∣ x)] . (Good Coverage (GC))

Moreover,
Reg(λ ∣ x) − R̂egℓ(λ ∣ x)
= L⋆(λ ∣ x) − L⋆(λ∗ ∣ x) − (L̂ℓ(λ ∣ x) − L̂ℓ(λ̂ℓ ∣ x))

= L⋆(λ − pℓ−1 ∣ x) − L⋆(λ∗ − pℓ−1 ∣ x) − (L̂ℓ(λ − pℓ−1 ∣ x) − L̂ℓ(λ̂ℓ − pℓ−1 ∣ x))

= L⋆(λ − pℓ−1 ∣ x) − L̂ℓ(λ − pℓ−1 ∣ x) − (L⋆(λ∗ − pℓ−1 ∣ x) − L̂ℓ(λ̂ℓ − pℓ−1 ∣ x))

≤ L⋆(λ − pℓ−1 ∣ x) − L̂ℓ(λ − pℓ−1 ∣ x) − (L⋆(λ∗ − pℓ−1 ∣ x) − L̂ℓ(λ∗ − pℓ−1 ∣ x))
(L̂ℓ(λ∗ ∣ x) ≥ L̂ℓ(λ̂ℓ ∣ x))

≤ ∣L⋆(λ − pℓ−1 ∣ x) − L̂ℓ(λ − pℓ−1 ∣ x)∣ + ∣L⋆(λ⋆ − pℓ−1 ∣ x) − L̂ℓ(λ∗ − pℓ−1 ∣ x)∣

≤ 1
6γℓ

Cℓ−1(pℓ−1, λ) + 3γℓ

2
Eℓ +

1
6γℓ

Cℓ−1(pℓ−1, λ∗) + 3γℓ

2
Eℓ (C2)

≤ 1
6γℓ

γℓ−1 [Vℓ−1 + R̂egℓ−1(λ ∣ x)] +
3γℓ

2
Eℓ +

1
6γℓ

γℓ−1 [Vℓ−1 + R̂egℓ−1(λ⋆ ∣ x)] +
3γℓ

2
Eℓ

( equation Good Coverage (GC))

≤ 1
6γℓ

γℓ−1 [Vℓ−1 + 2Reg(λ ∣ x) +Gℓ−1] +
3γℓ

2
Eℓ +

1
6γℓ

γℓ−1 [Vℓ−1 + 2Reg(λ⋆ ∣ x) +Gℓ−1] +
3γℓ

2
Eℓ

( equation 13 true for ℓ − 1)

≤ 1
6γℓ

γℓ−1 [Dℓ−1 + 2Reg(λ ∣ x) +Gℓ−1] +
3γℓ

2
Eℓ +

1
6γℓ

γℓ−1 [Vℓ−1 +Gℓ−1] +
3γℓ

2
Eℓ

( Reg(λ⋆ ∣ x) = 0)

= 1
3γℓ

(γℓ−1Gℓ−1 + γℓ−1Vℓ−1 + 9γ2
ℓ Eℓ) +

γℓ−1

3γℓ
Reg(λ ∣ x)

≤ 1
3

Reg(λ ∣ x) + 1
3

Gℓ (γℓ−1 ≤ γℓ)

Hence

Reg(λ ∣ x) − R̂egℓ(λ ∣ x) ≤
1
3

Reg(λ ∣ x) + 1
3

Gℓ

2
3

Reg(λ ∣ x) ≤ R̂egℓ(λ ∣ x) +
1
3

Gℓ

Reg(λ ∣ x) ≤ 3
2

R̂egℓ(λ ∣ x) +
1
2

Gℓ

≤ 2R̂egℓ(λ ∣ x) +Gℓ (Step **)

Furthermore,

R̂egℓ(λ ∣ x) −Reg(λ ∣ x)
= L̂ℓ(λ ∣ x) − L̂ℓ(λ̂ℓ ∣ x) − (L⋆(λ ∣ x) − L⋆(λ∗ ∣ x))
= L̂ℓ(λ − pℓ−1 ∣ x) − L̂ℓ(λ̂ℓ − pℓ−1 ∣ x) − (L⋆(λ − pℓ−1 ∣ x) − L⋆(λ∗ − pℓ−1 ∣ x))

= L̂ℓ(λ − pℓ−1 ∣ x) − L⋆(λ − pℓ−1 ∣ x) − (L̂ℓ(λ̂ℓ − pℓ−1 ∣ x) − L⋆(λ∗ − pℓ−1 ∣ x))

≤ L̂ℓ(λ − pℓ−1 ∣ x) − L⋆(λ − pℓ−1 ∣ x) − (L̂ℓ(λ̂ℓ − pℓ−1 ∣ x) − L⋆(λ̂ℓ − pℓ−1 ∣ x))
(L⋆(λ̂ℓ ∣ x) ≥ L⋆(λ⋆ ∣ x))

≤ ∣L̂ℓ(λ − pℓ−1 ∣ x) − L⋆(λ − pℓ−1 ∣ x)∣ + ∣L̂ℓ(λ̂ℓ − pℓ−1 ∣ x) − L⋆(λ̂ℓ − pℓ−1 ∣ x)∣
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≤ 1
6γℓ

Cℓ−1(pℓ−1, λ) + 3γℓ

2
Eℓ +

1
6γℓ

Cℓ−1(pℓ−1, λ̂ℓ) +
3γℓ

2
Eℓ (C2)

≤ 1
6γℓ

γℓ−1 [Vℓ−1 + R̂egℓ−1(λ ∣ x)] +
3γℓ

2
Eℓ +

1
6γℓ

γℓ−1 [Vℓ−1 + R̂egℓ−1(λ̂ℓ ∣ x)] +
3γℓ

2
Eℓ

( equation Good Coverage (GC))

≤ 1
6γℓ

γℓ−1 [Vℓ−1 + 2Reg(λ ∣ x) +Gℓ−1] +
3γℓ

2
Eℓ +

1
6γℓ

γℓ−1 [Vℓ−1 + 2Reg(λ̂ℓ ∣ x) +Gℓ−1] +
3γℓ

2
Eℓ

( equation 13 true for ℓ − 1)

≤ 1
6γℓ

γℓ−1 [Vℓ−1 + 2Reg(λ ∣ x) +Gℓ−1] +
3γℓ

2
Eℓ +

1
6γℓ

γℓ−1 [Vℓ−1 + 4R̂egℓ(λ̂ℓ ∣ x) + 2Gℓ +Gℓ−1]

+ 3γℓ

2
Eℓ ( equation 13 true for ℓ (Step **))

= 1
6γℓ

γℓ−1 [Vℓ−1 + 2Reg(λ ∣ x) +Gℓ−1] +
3γℓ

2
Eℓ +

1
6γℓ

γℓ−1 [Vℓ−1 + 2Gℓ +Gℓ−1] +
3γℓ

2
Eℓ

(R̂egℓ(λ̂ℓ ∣ x) = 0)

= 1
3γℓ

(γℓ−1Gℓ−1 + γℓ−1Vℓ−1 + 9γ2
ℓ Eℓ) +

γℓ−1

3γℓ
Reg(λ ∣ x) + γℓ−1

3γℓ
Gℓ

≤ 1
3

Reg(λ ∣ x) + 2
3

Gℓ (γℓ−1 ≤ γℓ)

Hence,

R̂egℓ(λ ∣ x) −Reg(λ ∣ x) ≤ 1
3

Reg(λ ∣ x) + 2
3

Gℓ

R̂egℓ(λ ∣ x) ≤
4
3

Reg(λ ∣ x) + 2
3

Gℓ

Reg(λ ∣ x) ≤ 3
2

R̂egℓ(λ ∣ x) +
1
2

Gℓ

≤ 2R̂egℓ(λ ∣ x) +Gℓ

Finally, we prove the consequences. Apply (C1) at λ = λ̂ℓ, we have
R̂egℓ(pℓ ∣ x) ≤ Vℓ (equation Low Regret (LR))
⇒ Reg(pℓ ∣ x) ≤ 2R̂egℓ(pℓ ∣ x) +Gℓ ≤ 2Vℓ +Gℓ. (By equation 13)

Summing over epochs, we have
L

∑
ℓ=1
(τℓ − τℓ−1)Reg(pℓ ∣ x) ≤ τ1 +

L

∑
ℓ=2
(τℓ − τℓ−1)(2Vℓ +Gℓ) (Reg(p1 ∣ x) ≤ 1)

= τ1 +
L

∑
ℓ=2

τℓ − τℓ−1

γℓ

⎡⎢⎢⎢⎢⎣
2γℓVℓ + γ1 +

ℓ

∑
i=2
(γi−1Vi−1 + 9γ2

i Ei)
⎤⎥⎥⎥⎥⎦

,

(By the closed form of Gℓ)
which is Eq. equation 14.

Lemma G.2. Let P , Q are two probability simplices. DH(P ∣Q), DKL(P ∣Q), ∥P −Q∥TV, ∥P −Q∥1
be the Hellinger distance, Kullback divergence, total variation distance and level-1 norm between P ,
Q respectively, then the following holds,

∥P −Q∥1
2

= ∥P −Q∥TV ≤DH(P ∣Q)
and,

∥P −Q∥1
2

= ∥P −Q∥TV ≤
√

DKL(P ∣Q)
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Proof.
∥P −Q∥TV ≤DH(P ∣Q) ( Tsybakov [2008], Lemma 2.3)

and,

∥P −Q∥TV ≤
√

DKL(P ∣Q) ( Tsybakov [2008], Lemma 2.5)
Furthermore,

∥P −Q∥1
2

= ∥P −Q∥TV (Levin & Peres [2017], Proposition 4.2)

Lemma G.3 (Local observability, Lattimore & Szepesvári [2020]). If G = (Φ,L) is locally
observable and non-degenerate and actions e = (a, b) ∈ E are neighbours, then there exist functions
we(a, ⋅), we(b, ⋅) ∶ Σ→ R such that∥we∥∞ ≤m/2 and

Lao −Lbo = we(a, Φao) +we(b, Φbo) for all o ∈ [d] .

In Lemma G.3, the assumption of non-degeneracy is important here for∥we∥∞ ≤m/2 to hold. The
Proposition G.4 bounds∥we∥∞ for more general case.
Lemma G.4 (Lattimore & Szepesvári [2020]). Suppose that (L, Φ) is globally observable and a and
b are neighbours. Then there exists a function we ∶ [k] ×Σ→ R such that for all x ∈ [d],

k

∑
c=1

we(c, Φco) = Lao −Lbo .

Furthermore, we can be chosen so that∥we∥∞ ≤ d1/2kd/2.
Lemma G.5 (Water-transfer operator adapted from Lattimore & Szepesvári [2020]). Suppose that
G is non-degenerate and locally observable and q ∈∆(d) Assume that we have an in-tree T that is
Lq-decreasing. Then there exists a function W T

q ∶∆(Π) →∆(Π) such that the following hold for all
p ∈∆(Π):

(a) The expected loss does not increase: (Wq(p) − p)⊺Lq ≤ 0.
(b) Action probabilities are not too small: Wq(p)[a] ≥ p[a]/k for all a ∈ [k].
(c) Probabilities increase towards the root of the in-tree T . That is, Wq(p)[a] ≤Wq(p)[b] for

all e = (a, b) ∈ T .
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