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ABSTRACT

We study finite stochastic partial monitoring (PM) games with side information,
a paradigm of sequential learning with partial feedback. On each round ¢ € [T'],
both player and environment observe a context and player chooses an action and
environment simultaneously chooses an outcome. The player neither observes the
outcome nor the loss; instead they only observe a feedback symbol which is partially
informative about the outcome. We utilize the Estimation-to-Decisions (E2D) meta-
algorithm ofFoster et al.|(2021) to design E2D.PMSIDE, a computationally-efficient
framework for contextual partial monitoring, which uses an online regression oracle
to efficiently estimate the outcome distributions based on historical (context, action,
feedback symbol) tuples. Since the exploration rule given by the original E2D
algorithm is intractable to compute, we propose two computationally-efficient
exploration rules that achieve optimal regret orders in I": in the globally observable
setting, our exploration rule is based on e-greedy, while in the locally observable
setting, our exploration rule uses inverse gap weighting (Foster & Rakhlin, [2020)
which was previously only known to be effective in the bandit setting. We show
that a variant of E2D.PMSipE named OE2D.PMSIDE can be combined with offline
regression oracles to give an efficient algorithm with optimal regret when the
contexts are drawn independently from a fixed distribution. We evaluate our
algorithm on a synthetic label-efficient prediction game and an LLM routing task,
in which a learner decides from prompt, uncertainty and internal state features
whether to escalate a query from a weak model to a strong one. We show that our
method has superior performance than prior approaches.

1 INTRODUCTION

The contextual stochastic partial monitoring problem (Bartok & Szepesvari, 2012) is an online
learning problem where the learner repeatedly takes actions so as to minimize its loss based on the
environment’s partial feedback. At the beginning of the game, the learner and the environment are
given a pair G = (L, ®) of k x d matrices, where k is the number of actions available to the learner and
d is the number of outcomes available to the environment. The loss matrix L € [0,1]%*¢ records the
loss L, incurred when the learner plays action a and the environment’s outcome is o. The feedback
matrix ® € ¥¥*? records what the learner is shown instead: playing a against outcome o reveals the
feedback symbol @, from a finite alphabet > = {1,...,m}. The interaction between the learner and
the environment proceeds over 7" rounds. At round ¢ the learner observes a context z; (which may be
chosen adversarially), samples an action A; ~ p;(- | ;) according to a policy p; : X — A(k), and the
environment draws an outcome O, from some stochastic distribution ¢* (x;) independently of the
learner’s randomization. The learner then observes the feedback symbol o, = ® 4,0, and incurs the
loss L 4,0,, which remains hidden. The goal of the learner is to minimize its regret, which is the
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difference between its expected cumulative loss and that of the best policy in hindsight:

T
= TL * _ . )\TL * .
Reg ;(pt D) Jin A'Lg (:rt))

Contextual stochastic partial monitoring has many applications, such as learning from one-sided
feedback (Helmbold et al., 2000; |Sculley, [2007)), dynamic pricing (Kleinberg & Leighton, 2003), data
procurement in crowdsourcing (Singla et al.,2014), and label-efficient prediction (Helmbold et al.,
1997). Below we give two examples:

Example 1: LLM routing. Modern Large language models (LLM)-based question-answering
service optimizes its cost-efficiency by operating in a hybrid mode (Ong et al., [2025; |Chen et al.,
2023;|An et al., 20265 |Li et al., 2026) : it keeps two LLMs — one weak but cheap and one strong but
expensive; and given a prompt, it judiciously decides which LLMs to route the prompt to, obtaining
its response. At time step ¢, the service receives a new prompt represented by context x;, and the weak
model generates a response at negligible cost, and the router then either serves the weak response (a1)
or queries the strong model and serves its response (as). The environment’s (hidden) outcome is
whether the weak response agrees with the strong one (07) or does not agree (02). We take the strong
model to be correct and to cost 1 per query, and we incur cost of £y; > 1 when a served weak model’s
response is wrong. Partial monitoring enters through the feedback: serving the weak response never
reveals whether it was correct, so both outcomes yield the same symbol ®, and only querying the
strong model distinguishes them. The game’s loss matrix and feedback matrix are summarized below:

o1 02 o1 02
_ a1 0 501 _ar © ©
L= as |: 1 1 ’ ® = as 1 Al
This game was also referred to as the Apple Tasting game [Helmbold et al.| (2000) in earlier works.

Example 2: contextual label efficient prediction game (Lattimore & Szepesvari, 2020; Helmbold
et al.,[1997). Suppose we would like to learn a spam filter online, which predicts whether an email
is spam (07) or not (02) based on its text features (z;) and directs it to the inbox (a2) or spam folder
(a3). There is also a third option (a;) where the system can ask the recipient/expert for classification,
which is accurate but incurs a fixed cost. Only when the learner chooses action a; does it get to see
the true label of the email. The game’s loss matrix and feedback matrix are summarized below:

01 02 01 02
a C C ay 1 A
L=a 1 0 | P =a, © 0
as 0 1 as ®© ©

Depending on the feedback structure, finite stochastic partial-monitoring games are classified into
four categories (classification theorem): trivial, easy, hard, and hopeless games (Bartok et al., 2011}
Lattimore & Szepesvari, 2020). In hopeless games, the feedback is too uninformative to support
meaningful learning, and the regret might grow linearly with the time horizon (€2(7")). In contrast, in
trivial games, there exists an action which is optimal for every outcome; consequently, they can be
solved with zero regret. The main cases requiring more refined analysis are easy (@(\/T )) and hard
games (@(TQ/ 3)). Both classes satisfy global observability, which we define shortly. In addition,
easy games satisfy local observability, whereas hard games do not.

Related work: partial monitoring with side information. We adopt the contextual partial
monitoring setting of Bartok et al.|(2012al)); [Heuillet et al.| (2024), and use the terms contextual partial
monitoring and partial monitoring with side information interchangeably for it. The classification of
easy and hard games established for finite stochastic non-contextual partial monitoring (Bartok et al.|
201 1 |Lattimore & Szepesvaril2020) extends to this setting, at least in the minimax regret’s dependence
on 7. First, the non-contextual lower bounds of Bartok et al.|(2011) transfer immediately, since a
non-contextual game can be viewed as a contextual game with a dummy context. Second, for the upper
bounds, Foster et al.| (2022) shows the equivalence between the Decision-Estimation Coefficient Foster
et al.| (2021) and the exploration-by-optimization (ExO) objective of [Lattimore & Szepesvari (2020),
which implies that the contextual version of the Estimation-to-Decision algorithm (Foster et al.| [2021]
Section 8) achieve regrets that match optimal rates given by ExO. These optimal statistical guarantees
come at a computational cost, however: the algorithm attaining them selects each action distribution
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by solving a minimax problem at every round, which is not known to be tractable (see Section
for further discussion). Furthermore, our work is closely related to|Lattimore & Szepesvari (2019;
2020); |Lattimore, (2022)); [Lattimore & Gyorgy|(2021)) and |[Foster et al.|(2022). A detailed discussion
is deferred to Appendix [A]

Meanwhile, computationally efficient algorithms have been proposed for contextual stochastic partial
monitoring, by imposing strong assumptions on the function class that models the true outcome
distribution ¢*. Utilizing generalized linear models for modeling (functions of) ¢*, [Bartok et al.
(2012a) proposed CBPSIDE, a deterministic algorithm based on confidence intervals that extends
UCB-style methods from the bandit setting; it applies only to easy games, where it achieves
O(\/T) regret. |Heuillet et al.| (2024) later introduced CBPS1DE™ and its randomized counterpart
RANDCBPSIDE*, which cover both classes, attaining O(y/T’) regret on easy games and O(7%/?) on
hard ones. [Kirschner et al.| (2023) studies the linear partial monitoring and its contextual extension,
which generalizes contextual finite partial monitoring; however, they require that the mappings from
(context, action) to the expected reward and the signal feedback to be (context-independent) linear
functions.

This motivates the question that drives our work: are there computationally efficient algorithms for
contextual partial monitoring that support general function approximation and attain the optimal rates?
In this paper, we answer this question affirmatively. Specifically, we make the following contributions:
Contributions. (1) we propose an algorithmic framework E2D.PMSIpE that reduces stochastic
contextual partial monitoring to online regression. It is based on the E2D (Estimation to Decision)
framework (Foster et al.,[2021)), where the algorithm aims at finding an exploration distribution that
certifies a low Decision-Estimation Coeflicient (See Section for its definition); our key observation
is that this can be done by optimizing a surrogate objective that trades off between greediness
and coverage, which paves the way for the design of efficient algorithms for contextual partial
monitoring. (2) Based on the above relaxed objective, we instantiate E2D.PMSIDE in the globally
observable and locally observable games to obtain e-GREEDY.PMSIDE and SQuARECB.PMSIDE
algorithms respectively, achieving regret of optimal order in 7 in their respective settings. These, to
our knowledge, are the first computationally efficient contextual partial monitoring algorithms with
general function approximation. (3) When the contexts are iid, we propose a variant of E2D.PMSIpE
named OE2D.PMSipE, which is an efficient stochastic contextual partial monitoring algorithm based
on offline regressions, a computational primitive that can admit simpler implementations in practice.
(4) We evaluate SQUARECB.PMSIDE in two contextual partial monitoring tasks: label-efficient
prediction and LLM routing, and show that it outperforms several baselines.

2  PRELIMINARIES

Basic Notation. We write 0 and 1 for the all-zeros and all-ones column vectors, €1, ..., e for the
standard basis vectors, and bold symbols for matrices. For a vector or matrix A, | Alle = max;; |A4;;]
is the entrywise maximum norm, M; denotes the vector generated by i-th row, and M;; denotes the
element at i-th row and j-th column. For two distributions » and v, D%I (u | v) denotes their squared
Hellinger distance. Let co(S) denote the convex hull of a set S. For a subset A < [k] we write
A(A) ={ e A(k): Ay =0forall b¢ A} for the face of A(k) supported on A. Elements of A(A)
remain k-dimensional vectors; they simply place no mass outside 4.

Signal matrix. (Komiyama et al. (2015)) Given a feedback matrix @, it is convenient to describe
the feedback of a single action as a linear map. The signal matrix of action a is the m x d matrix S,
with S, [o,0] = 1 {®,, = o}. Writing A(n) for the probability simplex on n elements, if the outcome
is drawn from ¢ € A(d) then S,q € A(m) is precisely the distribution of the symbol observed on
playing a. Two candidate outcome distributions q;, g2 are therefore distinguishable through action a
exactly to the extent that S,q; and S, g5 differ; and it is this quantity, rather than the gap between ¢y
and g» themselves, that governs what the learner can hope to identify. Recall that in our stochastic
contextual partial monitoring problem, each round is preceded by a context z; drawn from a set X,
and the outcome distribution depends on it: outcomes follow ¢* () for an unknown ¢* : X - A(d).
The learner is given a model class Q ¢ {q: X - A(d)}, which we assume is well-specified.

Assumption 2.1 (Realizability). The model class Q contains the true outcome distribution g*.

2.1 STRUCTURE OF PARTIAL MONITORING GAMES

We now review some basic structures of partial monitoring games revealed in prior works.
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Definition 2.1 (Cell decomposition, Bartdk et al.| (2012b))). The cell C, of action a is defined as the
subset of outcome distributions where action a is optimal. Formally, C, = {q € A(d) : (eq—€p)"Lq <
0,Vbe [k]}. The collection {C, : a € [k]} is called the cell decomposition.

Neighborhood graph (Lattimore & Szepesvari,|2020). Cells that meet in a face of dimension d —2
correspond to actions that can be optimal simultaneously, and this adjacency structure organizes the
analysis that follows. Call an action Pareto optimal when its cell is full dimensional, dim(C,) = d -1,
taking the dimension of a polytope to be that of its affine hull, and write II for the set of such actions
together with A(IT) := {\ € A(k) : A\p = 0 for all b ¢ II} for the corresponding face of A(k). The
remaining actions are of two kinds: a is degenerate when C,, #+ @ but dim(C, ) < d - 2, and dominated
when C, = @. Since dim(A(d)) = d - 1, neither kind is ever uniquely optimal; each is optimal
only on a set of measure zero. A game with no degenerate actions is called non-degenerate, and
two actions are duplicates when their loss rows coincide, (e, — e;)"L = 0. Two Pareto optimal
actions are neighbors when their cells meet in a face of the largest dimension short of coincidence,
dim(C, N Cp) = d - 2; the intersection reaches dimension d — 1 only for duplicates. Writing & for the
resulting edge set, (11, £) is the neighborhood graph of G.

2.2 OBSERVABILITY

In partial-monitoring games, the learner observes feedback rather than the losses or rewards associated
with its actions. Therefore, a central challenge is to infer (differences of) losses of actions from the
observed feedback symbol. Whether this is possible depends on the interplay between the loss matrix
and the feedback matrix.

Definition 2.2 (Global observability, adapted from Bartok et al.|(2012b) and |[Lattimore & Szepesvari
(2020)). A partial monitoring game is globally observable if, for every pair of actions (a,b) € [k]x[k],
there exists a witness function w, p : [k] x £ — R such that

k
Loo— Lo = Z W(a,b) (C, (bco)7 forall o € [d]
c=1

Definition 2.3 (Local observability, Lattimore & Szepesvari (2020)). A globally observable, non-
degenerate partial monitoring game is locally observable if for every edge e = (a,b) € £ of the
neighborhood graph the witness function w, of Definition 2.2 may be chosen to be supported only on
the endpoints, that is we(c,-) = 0 for all ¢ ¢ {a, b}, so that
Loy — Lpo = Z we (¢, Do), for all o € [d].
ce{a,b}

By definition, every locally observable game is a globally observable game. Under global observability,
the loss difference L, — Ly, may depend on feedback from all actions ¢ € [k], whereas under local
observability, it can be expressed using only the feedback from the sequence of actions in £ connecting
a and b. Consequently, locally observable games permit more direct loss-difference estimation than
globally observable games in general. Since trivial games and hopeless games are not interesting
from an algorithm design perspective, for the remainder of the paper we focus on globally observable
games.

Assumption 2.2 (Global observability and non-degeneracy; |Lattimore & Szepesvari| (2020)). We
assume that the partial-monitoring game G = (L, ®) is globally observable, non-degenerate, and
contains no duplicate actions.

For simplicity, we maintain this assumption throughout the remainder of the analysis, following
Lattimore & Szepesvari (2020). We discuss implications of non-degeneracy and possible relaxations

in Appendix

2.3 TeHE E2D META-ALGORITHM FOR INTERACTIVE DECISION MAKING

Foster et al.| (2021)) proposes E2D (Estimation-to-Decision), a meta-algorithm for interactive decision
making, which reduces interactive decision making to online estimation. The E2D meta-algorithm
yielded many practical algorithms for decision making, especially for contextual bandit problems (e.g.,
Foster & Rakhlin, [2020; [Zhu et al.| [2022; |[Zhu & Mineiro, 2022} Zhang et al.,|2023)). In a nutshell, at
each round, it calls an online model estimation oracle to obtain an estimated model §; based on § and
context x, it solves a minimax optimization problem to obtain an exploration distribution p to take
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actions. Specialized to partial monitoring, the optimization problem can be written as:

min sup [pTLQ(JC) ~ A Lg(x) =7 Equp [D%I(Sa‘j(x) | Saq(w))]]7 )
PEA(k) geQ, AeA(k)

vdee (§(x), Q)

where Q, := {q(z) : ¢ € Q} € A(d) denotes the model class Q restricted to . The objective explicitly
trades off between regret and information gain: the first part p" Lg(z) — AT Lq(x) encourages p to

have a low regret, while the second part — - E,.., [D%I(Satj(z) | Saq(x))] encourages p to explore

diverse actions to correct § and gain new information about ¢*. The minimax value of the objective is
called the Decision-Estimation Coefficient (DEC) (Foster et al., 2021), denoted as dec, (§(z), Q).
To help the learner make decisions efficiently, E2D requires access to an oracle that can provide
accurate estimation of the outcome distributions for all contexts online, which, when specialized to
our stochastic contextual partial monitoring setting, is defined as:

Definition 2.4. An online outcome estimation oracle Algy, is an algorithm that estimates the
unknown outcome distribution ¢* from the data in a sequential fashion. That is, at each round ¢ € [T'],
given the feedback symbols collected so far, the oracle produces an estimate

N t-1

G = A1gg31({(As,xs,as)}S=1) e co(Q),
where Alggr)l denotes the map applied at round ¢ and {(AS, T, 05)}:1 is the history available at the
beginning of round ¢ (note that o is an observed feedback symbol, but not the incurred loss).

Alg,, is said to satisfy a Hellinger regret bound of Rieggn (Q,T,0) if its online Hellinger regret
T
Reg6n (2. T) = Y Eap, ) [ Di(Sae(w0) | Sud” (21)) ] @
t=1

is at most Rieggn (Q, T, &) with probability 1 — 4.

We note that instead of requiring §;(x;) to be pointwise close to ¢*(x;) on average, Definition
only requires their associated feedback distributions to be close on average. This is reasonable since
we can only use the feedback o,’s to guide our online learning of ¢;; in the extreme case, it is possible
that different ¢’s result in the same feedback distribution, making the underlying g unidentifiable.
Appendix [B| gives two concrete examples of the online outcome estimation oracle. For example,

For finite Q, Vovk’s aggregating algorithm (Vovk, |1995) attains %SH(Q, T,5) = O(log(|Q|/5)).
Equipped with an online outcome estimation oracle, E2D is known to have a regret bound of

Regr < O (T maxdec, (4(2), Q) + 1Rego, (Q.T.6)).

which translates to O(72/%) and O(/T) regrets with optimal tuning of -y in globally and locally
observable settings, respectively (Foster et al.,|2021). However, a key drawback of the naive E2D
algorithm is that directly solving the minimax optimization problem (Equation (I))) is computationally
intractable: although the objective is linear in p, it is not jointly concave in (g, A). Nevertheless, it was
shown in Foster et al.[(2021) that as long as distribution p certifies a small value of dec. (G(x), Q)
(Equation ), i.e., it achieves a small V;‘ec((j(x), Q.,p) value, E2D will have small regret. As we
will see, our algorithm design will utilize this observation to address the computational challenge.

3 EFFICIENT ALGORITHM FOR CONTEXTUAL PARTIAL MONITORING

In this section we present E2D.PMSi1pE (Estimation-to-Decision for Partial Monitoring with Side
information, Algorithm[I]), which can be viewed as a specialization of the E2D meta-algorithm. At
every round ¢, E2D.PMSIDE obtains an outcome distribution estimate Gy (+) (lineE]) from an online
outcome estimation oracle with Hellinger regret guarantee. Then it uses §;(-) and observed context
x; to construct an exploration distribution p; that apdproximately minimizes an objective function
V. (4¢(¢),p), a relaxation of the DEC objective V5°°(4(w+), Qu,,p) (line . The choice of p;
balances two competing demands. The first term in the objective measures the loss of p, relative to a
comparator policy A under the estimated outcome distribution §; (z; ), and is small when p, exploits
what has been learned. The second term is a coverage term (which we will define shortly) that
measures the amenability of using feedback from following p in evaluating \’s loss; the smaller the
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Algorithm 1 E2D.PMSIDE

1: parameters:
Online estimation oracle Algg,
Exploration parameter v > 0
2: fort=1,2,---,T do
3 Receive context z;
4:  Compute estimate §; = Alggi({As, Ts,0
5:  Find p; that approximately minimizes

t-1
s=1

. . . 1
Vo (@e(21),p) = sup p'LGi(we) = A" L, (24) += - Coverage(p, ) .
AeA(IT) Y
exploit explore
using ¢-GrReepY.PMSIDE (Alg. [2) or SQuaARECB.PMSipE (Alg. [3) for globally and locally
observable settings, respectively.

6:  Choose action A; ~ p; and update the estimation oracle with (A, x4, 04)
7: end for

coverage value the better p is for exploration. The exploration parameter +y fixes the rate of exchange
between the two. We now define coverage formally.

Definition 3.1 (Coverage). We define the coverage of action distribution p € A(k) for action
distribution A € A(k) for partial monitoring game G = (L, ®) as

2
(A=) L1 - )
Coverage(p,\) :==  sup .
q1,92¢(d) B I:D%I(Saﬁh | SaQQ)]

(with convention % =0)

To make sense of this definition it may be helpful to think about the following hypothetical offline
policy evaluation problem in non-contextual stochastic partial monitoring: suppose the outcome
distribution ¢* is unknown; we use a behavior policy p to take action and collect feedback symbols,
so as to estimate the expected loss of A (more precisely, the expected loss difference between A and
p); how much utility does each data point carry for such evaluation? Let ¢; be ¢* and g2 be ¢, our
estimate of ¢* based on data. The numerator thus measures the squared policy evaluation error; the
denominator measures the in-distribution estimation error, which we expect to decrease with more
samples collected. A small Coverage(p, \) implies that feedback signals via following p is useful in
estimating p and \’s loss difference.

Our coverage in the above definition bears some similarities with the coverage defined in the contextual
bandit setting by |Qin & Zhang|(2026b), but is different in two important ways: (1) here, the numerator
and the denominator are with respect to the loss matrix (evaluation error) and the signal matrix
(information gain), respectively, where in the bandit setting they are defined both using the loss
function; (2) it is well-known that for some globally observable partial monitoring problems the
absolute value of a loss of an action is not identifiable (Lattimore & Szepesvari, 2020, Example 37.9),
and only loss differences between action pairs is identifiable; thus, the numerator in the coverage
measures the difference of losses of two policies. Our coverage also shares some similarities with
global and local alignment constants of (Kirschner et al.| 2023} Egs. (15), (16)), whose numerator
({¢ba = @b, v))?* can be interpreted as some estimation error of the loss differences between two actions
a,b, and the denominator | M_.v|? can be interpreted as the information gain of taking action c in
correcting the model estimation error v. Intead of measuring coverage between an action and a pair
of actions, our definition measures the coverage between two action distributions.

We now present the regret guarantee of E2D.PMSIDE:

Theorem 3.1 (Regret of E2D.PMSIDE). Suppose Alg.,, has a Hellinger regret bound %gn (9,T,9).
Fix v > 0. Then, for any § € (0, 1), with probability at least 1 — 4,

T . —H
Regp <T'- Tixv,y(qt(xt),pt) +7-Rego, (Q,T,9).
Its proof is deferred to Appendix [C.I] In a nutshell, our theorem follows from the meta-regret

theorem of [Foster et al.| (2021): as long as all action distributions p; certify that dec, (§(x), Q) has
an upper bound, E2D has a small regret in terms of that bound. Indeed, our p; here certifies that
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Algorithm 2 ¢-Greepy.PMSIDE for globally observable games

1: parameters:

2:  Context x with predicted outcome distribution §(x)
3:  Exploration parameter v > 16k%32

4: Letb e argmin, e} Lj(x)

5: return p=(1-€)e; +eplfore=kB/\/7

decy (¢(z), Q) is upper bounded by V., (G (x+),p:) (Please see Remark' ; and ideally, we should
choose exploration distribution p;’s that make V., (G:(x+),p¢)’s as small as possible.

Unfortunately, finding p, that exactly minimizes V., (§; (), p) may still be computationally intractable;
to see this, note that the definition of coverage involves supremum over a pair of outcome distributions
q1,q2, which is not a convex optimization problem. This motivates the question: can we find

computationally efficient exploration rules = — p(x) that approximately minimize V,Y(cjt(x), p(m))
for all 2?7 Indeed, we show in the following two subsections that such efficient exploration rule exist
and yield efficient implementations of E2D.PMSIDE.

3.1 EFFICIENT ALGORITHM FOR GLOBALLY OBSERVABLE GAMES

We show that in the globally observable setting e-GREEDY.PMSIDE (Alg. [2), yields a policy p satisfying
V,(4(x),p(z)) < O(\/1/7), which gives an O(T?/?) regret bound when plugged into E2D.PMSIDE.

e-GrReeDY.PMSIDE identifies the empirical best action b (Line |4) and assigns it probability 1 — €,
spreading the remaining e uniformly over all k actions (Line 3).

Lemma 3.1 (Guarantee for Alg. Ifor globally observable games). LetG = (L, ®) be a globally observ-
able partial monitoring game in the sense of Deﬁnltlonn 2.2} and set (3 := maxq p)e[r]x[k] [W(a,b) oo
We have for any § € A(d),

166% & 1
1% (q p) < max pTLi- A 'Lg+ 65 —.
AeA (H) vy c=1 DPe

Thus, for every v > 16k? 32, every § € A(d), Alg. Ioutputs p such that

tunsofin)

Proof is deferred to Appendix [C.2] Furthermore, by combining Theorem [3.T]and Lemma[3.1] our
algorithm achieves the following minimax rate for globally observable games.

Corollary 1 (Regret of E2D.PMSIpE for globally observable games). Suppose Algy, has a

Hellinger regret bound %gn(Q T,0). For a globally observable partial monitoring game
(L, ®), set B = max(q p)e[r]x[k]|W(a,b) | co- Then, for any § € (0, 1), and for any large enough T

that satisfies vy > 16k> 3% with v = (Tk:ﬁ/RegOn(Q, T,6))2/3, with probability of at least 1 - 6,
E2D.PMSipE run with Alg 2] as the exploration rule satisfies,

Regy < o({/T%zﬂzReggn(g,T,a)) .

In the setting when Q is finite, setting the estimation oracle to be Vovk’s aggregating algorithm,
the above regret bound is of order O({/T2k?(21log|Q|). In the noncontextual setting, when
Q = A(dg), we can set the estimation oracle to be any efficient exp-concave optimization algo-
rithm (Hazan et al., 2007), which has %gn(g, T,0) = O(dg InT), implying E2D.PMSIDE has
a regret of O({/T2k232dg). This matches the lower bound of non-contextual stochastic partial

monitoring (Bartok et al., [201 1)) with a simple computationally efficient approach.
32 EFFICIENT ALGORITHM FOR LOCALLY OBSERVABLE GAMES

In the locally observable setting, we aim to give an efficient exploration rule that finds p such that
Vy(Ge(z),p(x)) < O(%), which yields a O(v/T) regret when plugged into E2D.PMSipe. Under
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global observability, to estimate the loss difference between two actions (a, b), its associated witness
function w, ;) may be supported on all actions (Definition , so recovering the difference between a
single pair of actions can require playing all & of them; this is why the certifying policy of Algorithm2]
mixes with the uniform distribution over [k]. In contrast, under local observability, the loss difference
between two neighboring Pareto optimal actions can be expressed using the feedback of those two
actions alone (Definition [2.3), and the difference between an arbitrary pair of Pareto optimal actions
is then recovered by chaining such local relations along a path joining them in the neighborhood
graph, so that only the actions encountered along that path need be played. Perhaps surprisingly, we
show that Inverse Gap Weighting, an exploration rule that was previously known to be effective for
exploration in contextual bandits (SQuarReCB.PMSIpE, Alg. [3), yields a optimal-regret algorithm
here without modification.

Lemma 3.2 (Guarantee for Alg. [3| for locally observable games). Let G = (L, ®) be a locally
observable partial monitoring game in the sense of Definition For every v > 0, and every
g € A(d), Alg. run with k = 77— and p = k, outputs p such that

V,(4,p) < o(m%z).

Proof is deferred to Appendix Furthermore, by combining Theorem [3.1]and Lemma [3.2] we can
achieve the following minimax rate for locally observable games.

Corollary 2 (Regret of E2D.PMSIpE for locally observable games). Suppose Algq, has a

—H
Hellinger regret bound Reg,, (Q,T,d). Let Assumption hold, and suppose in addition
that the game is locally observable. Then, for any ¢ € (0,1), with probability of at least
1 -6, E2D.PMSipE run with Alg. as the exploration rule (with k = ﬁ and | = k), with

v = (Tm?*k? /%gll(Q,T, 6))Y? satisfies

Regy < O(\/T -m2k? ~Reggn(Q,T,6)) .

For finite Q, Vovk’s aggregating algorithm gives O(1/Tm?k?log|Q|); in the non-contextual setting
with Q = A(dg), an exp-concave oracle (Hazan et al., 2007) gives O(y/T'm2k2dg ). Both match the
minimax rate in 7" for this class. We next explain the key idea underlying the proof of Lemma|3.2}
which hinges on a sparse relaxation of the objective V., (qA7 p).

3.2.1 SPARSE RELAXATION OF Vv(d,p)

We aim to find tractable relaxations of 1, which sheds lights on finding efficient exploration strategies
for approximately minimizing V,,. In particular, we aim to exploit the structured feedback mechanism
of locally observable games to restrict exploratory actions to those lying along paths that connect
pairs of actions whose loss differences are of interest. The neighborhood graph (11, £) is connected.
Assign an arbitrary action roots as the root and choose a spanning in-tree 7 (See Figure [I)) such
that, there is a unique directed pathT(a) from any action a € II to roots € II. Now, we can relax the
Vv((j,p) as follows,

Lemma 3.3. Let G = (L, ®) be a locally observable partial monitoring game in the sense of
Deﬁnition Let 7 be an in-tree of the neighborhood graph. For all p € A(IT), we have

. . N 32 A
Vv(q(x),p) < max p’ Lg(z) - \NT'Lj(z) + == max|w.|?, Z (b + pb) . 3
AeA(II) v oee (bell,cell):cepath - (b) De Pe

Proof is deferred to Appendix Above result is true for any in-tree with an arbitrary root. However,
in general, we do not want the paths to be arbitrary: for a “bad” action ¢ and a “good” action b
(i.e., el Lq is large while eZL(j is small), we would like p. to be small and p; to be large to ensure
pT Lg(z) — AT L§(x) to be small; however, if ¢ happens to lie in path(b), that can cause the %
term to be very large. How should the in-tree 7 be chosen so that the actions lying on each path are
ones we are willing to play? Our answer is to let the tree follow the estimated losses. We take 7 to be
L(x)-decreasing (that is for a directed edge e = (b, c), e; L(x) > e, Lg(x); See Def for formal
definition), so that estimated loss decreases along every path toward the root and, in particular, the
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Figure 1: A spanning in-tree 7 of the neighborhood graph (II, £), with root root; every edge is
directed toward the root. The dashed edges form path(a), the directed path from action a to the
root. The construction follows |Lattimore & Szepesvari|(2020).

Algorithm 3 SuareCB.PMSIpE for Locally observable games

1: parameters:

2:  Context x with predicted outcome distribution §(x)
3 Exploration parameter y > 0, 1 = k and x = g

4: For each action a € TI, compute /, = el L(x) and let b = arg min . ;.o
5: For each a € IT \ {b}, define p, = m; let py = 1= X geri (v} Pa-

6

: return p

empirical best action sits at the root. With this choice of T, and the observation that p according to
SQuarReCB.PMSIDE is monotonically decreasing of in the loss, the coverage term is upper bounded
by k Zb(% + 1), which allows us to bound V, (g, p) subsequently.

Offline oracle-efficient algorithms In Appendix [D] we present a close variant of E2D.PMSIDE,
namely OE2D.PMSipE (Offline Estimation to Decisions for Partial Monitoring with Side Information),
that efficiently reduces contextual partial monitoring to offline estimation. Our OE2D.PMSIDE
generalizes FALCON (Simchi-Levi & Xul[2022) and its linear version (Xu & Zeevi, [2020). Similar to
E2D.PMSipg, OE2D.PMSIDE has two versions, one that employs Alg. 2| for the globally observable
setting, the other employs Alg. |3| for the locally observable setting, which enjoys O(T2/ 3) and
O(V/T) regret in the respective settings. Compared with E2D.PMSipE that makes O(T') calls to the
online outcome estimation oracle, OE2D.PMSipE only makes O (log T") calls to the offline outcome
estimation oracle, making it suitable for applications with low computational cost requirements.

4 EMPIRICAL STUDIES

We evaluate SQUARECB.PMSIDE in two settings we discussed in Section(Examples 1&2): LLM
routing and contextual label-efficient prediction game.

LLM routing. We evaluate the routing problem on a cached version of the BoolQ benchmark
containing 12,648 valid responses from both models. We use Qwen2.5-0.5B-Instruct as the weak
model and L1lama-2-13B-Chat as the strong model. The routing outcome records whether their
cached responses disagree. Each prompt is represented by a 138-dimensional context comprising 10
weak-model uncertainty statistics, 64 PCA components of its hidden states, and 64 PCA components
of a context-free prompt embedding.

We compare linear-logistic CBPSide (Bartok et al.,|2012a;|An et al., | 2026)), SQquaARECB.PMSIDE (ours),
ETC (Explore-Then-Commit, adapted for apple tasting) (Garivier et al.,|2016) with both linear logistic
regression and a nonlinear 15-leaf histogram gradient-boosting (HGB) model, Bayesian-logistic
PG-TS (Grant & Leslie, [2021)), and a random baseline. We consider nine values of £, between 1.8
and 3.3 and evaluate each configuration over 20 paired random permutations. Figure 2a|reports the
mean realized total cost.

For each value of /y; we tune every algorithm separately, selecting the configuration with the
lowest total cost. For all methods except the random baseline this amounts to choosing a multiplier
s €{0.1,0.3,1, 3,10}, which scales the confidence radius in CBPSide, the exploration parameter

s in both SQuARECB.PMSIDE variants, the initial exploration budget s - 72/% in ETC, and the prior
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Figure 2: Comparison of algorithms for and LLM routing and Label efficient prediction game

standard deviation in PG-TS. The random baseline instead routes each query to the strong model with
a fixed probability, independent of context, swept over {0,0.2,0.4,0.6,0.8,1}. All methods, ours
included, are therefore tuned with hindsight knowledge of the loss. Further implementation details
and results are provided in Appendix

Across the evaluated loss settings, both the linear-logistic and nonlinear HGB instantiations of
SQuUARECB.PMSIDE achieve lower mean realized total cost than CBPSipE, while the nonlinear HGB
variant also outperforms PG-TS. These results illustrate a practical advantage of the oracle-efficient
SQuUARECB.PMSIDE formulation: it can incorporate flexible nonlinear prediction models without
modifying the surrounding routing policy. Furthermore, generally ETC is expected to perform worse
due to O (T2/ 3) regret, however here due to limited test data size 12,648 compared to larger dimension
138, it performs competitively. See Figure

Contextual label-efficient prediction. We conduct an analogous study for the contextual label-
efficient prediction game. Local observability requires the expert-query cost to satisfy ¢ < 0.5;
accordingly, we evaluate five values of c in the range 0.1 < ¢ < 0.5. Because PG-TS is designed
specifically for apple-tasting games and is thus inapplicable to this problem, we replace it with
RandCBPSide (Heuillet et al.,|[2024)). We generate the data synthetically from a linear logistic model
with 10-dimensional context vectors. Further, details are provided in Appendix [E] Our method
consistently outperforms ETC and CBPSide across the evaluated settings and remains competitive with
RandCBPSide, outperforming it for some of the expert-query costs. Moreover, RandCBPSide requires
comparatively expensive confidence-width calculations, whereas our method is computationally
cheaper. See Figure

5 CONCLUSION AND FUTURE WORK

Our work gives the first efficient algorithms for stochastic contextual partial monitoring with optimal
regret with general function approximation. Experiments on LLM routing and a modified label-efficient
game support these guarantees. Our analysis is restricted to non-degenerate games. Lemma|G.3] which
underlies the O(1/~) bound for locally observable games, relies on non-degeneracy. We conjecture
that our SQUARECB.PMSIDE might work for degenerate games as well with minor modification.
However, their analysis need a careful approach which is left to future work. Another interesting
question is, can our algorithm be generalized to the setting when the loss matrix and the feedback
matrix is context-dependent? This seems practically relevant for e.g. LLM routing applications,
since the cost of wrongly following the weak model may depend on the importance of the prompt.
Furthermore, extending our work to contextual linear partial monitoring (Kirschner et al.,2023) and
contextual partial monitoring with infinite outcomes (Lattimore, [2022)) are also interesting future
directions.

Al USE STATEMENT

In this work, we used generative Al tools for coding for experiments, writing those experiment details
and polishing the writing. We did reviewed those coding implementation for correctness. We have
not used generative Al tools for writing proof or related works, and the rest of the required disclosure
tasks are not applicable to this work. We have reviewed all Al-assisted work. We take responsibility
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for the final content of this work, including text, claims or artifacts produced with the aid of generative
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ETHICS STATEMENT

This work develops learning algorithms for routing queries among large language models. Such
methods may reduce inference costs and computational resource consumption while improving
access to capable models. However, routing decisions may propagate or amplify biases present in
the underlying models and data, potentially producing unequal performance across demographic
groups, languages, or application domains. Furthermore, queries may contain sensitive information,
particularly when routed to externally hosted models. Our methods optimize a specified performance
objective and do not independently guarantee fairness, privacy, reliability, or safety. Practical
deployments should therefore incorporate appropriate data protection, subgroup evaluation, human
oversight, and fallback mechanisms.

REPRODUCIBILITY STATEMENT

We provide complete definitions, assumptions, algorithm descriptions, and regret analyses in the main
paper and appendices. The experimental section reports the datasets, preprocessing procedures, model
configurations, baselines, evaluation metrics, and hyperparameters used in our study. We will release
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of our results, subject to the licenses and access conditions of the underlying datasets and language
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A ApDITIONAL DiscussioNs ON IMPORTANT RELATED WORKS

A.1 EXPLORATION-BY-OPTIMIZATION (ExO) VERSUS OUR APPROACH.

Lattimore & Szepesvari| [2020] propose the exploration-by-optimization (ExO) algorithm for adver-
sarial non-contextual partial monitoring. They first form an exponentially weighted benchmark policy
¢ over the Pareto optimal actions from unbiased loss estimates,

]lH(a) exXp (_77 Z;i Qsa)
ta = )
Sherr exp (=0 241 o)
where 11 is the indicator of IT and §: = G¢(A¢, 0+)/pra, is an importance-weighted loss estimate,

with G; (Equation (10)) obtained by solving Equation (4) at round ¢. This generalizes the EXP3
algorithm [Auer et al., [2003|| for adversarial bandits.

They then improve this benchmark by solving

GeH, peP o€[d] a=1 a

1 P
minimise max l(p—A)TLeo+biasA(G;o) +— Zpa\I/A(nG(a’))], 4)
where 7 plays the role of our v, ¥, (z) = (g, exp(-z) + z — 1), and

k k
biasy(G;0) = ()\, Le, - Z G(a, <I>ao)> + m%x(z Gla,Pu0)e — Lco) .
a=1 ce a=1

We may write this equivalently, following the notation of [Lattimore & Gyorgy|[2021], as

nG(a, ®qo0) ) ]

GeH,peP oe[d], cell a

k 1 k
minimise max [(p -A)"Le, + <€c -p, Z G(a,Pa0) - L60> +- Z pa\PA(
a=1 N a=1

This step reallocates probability away from the benchmark policy and toward actions whose feedback
is informative. Writing opt, () for the optimal value of Equation , the analogue of our V.,
Lattimore & Szepesvari| [2020]] bound it for both locally and globally observable games without
exhibiting an explicit or approximate solution to the optimization problem.

They first restrict the class of estimators G. Let

a=1

k
Ho = {G eH: <€b - e, Z G(a,®g0) - Leo> =0 forall b,c}

denote the unbiased estimators, for which biasy (G; 0) = 0 for every o. The minimax objective is then
bounded above by

a

1 k
i -A)"Le, + = U
Getlo.peP odld) l(p ) Leo 7 az::lpa A(

nG(a, Pyo) ) ]

and, since the bracketed expression is linear in e,, maximizing over outcomes is equivalent to
maximizing over outcome distributions:

d k
min 1rnax|‘(p—/\)TLq+117 ZqOZpa\I/k(nG((;’q)ao))]. 5)

GeHo,peP qeD o=1 a=1 a

Equation (5)) is concave in ¢ and convex in (G, p), so to (nonconstructively) upper bound the value of
Equation (5], Sion’s minimax theorem permits exchanging the two operations. Writing F'(G, p, q) for
the bracketed expression,

min max F(G = max min F(G .
GeHo,peP qeD ( ’p7q) qeD GeHo, peP ( 7P,Q)

To upper bound this expression, it now suffices to choose G and p as functions of ¢ and A: they
build an L¢-decreasing tree, take G to be the loss estimator induced by that tree, and set p = W, (),
where W, is the water-transfer operator (see Lemma|G.5|for a recap). The operator redistributes the
benchmark policy A so that the resulting p incurs no greater loss under ¢, while allocating probability
that increases toward the root of the tree.
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In contrast, given an outcome distribution q, our exploration strategy approximately solves the
following optimization problem:

NLi+ L .C A
min ma (p-A)'Lq S overage(p, A)

Given that for any G € H, Lemma|C.1|implies that Coverage(p, A) < ¥, ¥ % |Gy (a,:)|%, and
thus it suffices to find exploration distribution p that solves,

min max (p AL+ ; (ZZ Abp+pb 1Go(a,: )H2 ) ©)

PEP e A(II a

Comparing Equation with Equation (6), the two objectives share a shape: each consists of a
greediness term of the form (p — A)"L§ and a coverage term measuring how well p covers A. They
differ in three respects:

* First, in the minimax players: we minimize over exploration policies against a maximizing
comparator policy A, whereas Equation (5)) minimizes against a maximizing adversarial
outcome distribution q.

* Second, in the form of the coverage term. The one in Equation (3 is exponential,
W (nG(a, ®a0)/pa), and|Lattimore & Szepesvri|[2020] relax itto n® ¥, Ay |G (a, -)u[| % /P2,
at the cost of requiring p to be bounded below entrywise by 7 maxq || G(a, )b [ co-

¢ Third, in what the analysis delivers. ExO is tractable but gives no explicit exploration policy
p. For our objective we show that the inverse-gap-weighting rule of SQUARECB.PMSIDE
certifies a small value of V, directly: it already allocates probability increasing toward the
root of an L§-decreasing tree, so neither the optimization over G nor the water-transfer step
is needed, and the in-tree only appears in the analysis.

We also refer the reader to Table|[T|for a summary.

Table 1: Comparison with exploration-by-optimization [Lattimore & Szepesvari,2020]. 1 indicates a
better result. NA indicates not applicable

ExO Ours
Side information No Yes 1
Outcome distribution Adversarial 1 Stochastic
Objective opt,(n) Vs
Minimax players Policy vs. adversarial outcome Policy vs. comparator policy A
Optimization variables G and p jointly ponly 1
Per-round computation Exact solution of Equation (4) IGW for locally observable;
e-greedy for globally observable 1
In-tree Optimized at every round Analysis only 1
Water-transfer Required Not required 1
Oracle-efficient No Efficient 1
Offline oracle compatibility NA Compatible 1
Locally observable regret — 'k smaller 1

A.2 RELATION TO THE DECISION-ESTIMATION COEFFICIENT

The decision-estimation coefficient (DEC) was introduced by [Foster et al.| [2021]] as a complexity
measure for stochastic sequential decision making. [Foster et al.|[2022] extend it to the adversarial
setting, showing that the DEC applied to the convex hull of the model class characterizes the
fundamental statistical complexity of that setting as well. On the algorithmic side they propose ExO™,
a high-probability variant of the exploration-by-optimization algorithm of |Lattimore & Szepesvari
[2020]; [Lattimore & Gyorgy| [2021]]. Whereas the original ExO gives in-expectation guarantees,
ExO™ gives high-probability guarantees that hold against adaptive adversaries. Like ExO, the
exploration rule and the loss estimator are defined through an optimization problem rather than a
closed-form policy.
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Their analysis does not bound the ExO™ or DEC objective directly for locally and globally observable
games. Instead they establish an equivalence, for general divergences D, between the convexified
DEC, a parameterized variant of the generalized information ratio of [Lattimore & Gyorgy|[2021]], and
the ExO™ objective. Since [Lattimore & Szepesvari|[2019]; [Lattimore & Gyorgy|[2021]); Lattimore
[2022] bound the regret for locally and globally observable games in terms of the generalized
information ratio under the KL divergence, in agreement with the classification theorem [Bartok et al.,
2011} |Lattimore & Szepesvari, 2020], those bounds transfer to ExO* through this equivalence. The
equivalence itself holds for general D, but the information-ratio bounds are established for the KL.
divergence; we are not aware of corresponding bounds for other divergences, including the squared
Hellinger.

To summarize, [Foster et al.| [2022]’s result implicitly implies that the E2D algorithm |Foster et al.
[2021]] has optimal order-in-T" regret for stochastic contextual partial monitoring. However, as we
discussed in Section [2.3] the E2D algorithm may be computationally inefficient. Our paper addresses
the computational challenge. For locally observable games we give a closed-form inverse-gap-
weighting rule (SQUARECB.PMSIDE), and for globally observable games a closed-form e-greedy
rule (e-GrReepY.PMSIDE). Both extend to be compatible with offline estimation oracles, because the
exploration term of our objective, the coverage, does not involve the current estimate.

B ONLINE AND OFFLINE ESTIMATION ORACLES

B.1 ONLINE ORACLES

In this section, we provide examples for the online estimation oracles Alg,, and prove their bounds
for both finite and infinite model classes.

Lemma B.1 (Finite-class online Hellinger guarantee via Vovk’s algorithm). Suppose that the candidate
conditional outcome-model class

Qc{qg: X > A(d)}

is finite and realizable, so that ¢* € Q and the oracles are allowed to output predictors in co(Q). Then
there exists a contextual online estimation oracle Algg,, such that,

——H

Regon(Q,T,96) =2log (?l) .

The contextual online estimation oracle can be instantiated by applying Vovk’s [[Vovk, [1995]]
aggregating algorithm to the conditional outcome models in Q.

Proof. Define G € A(m) as a set of functions g, : X x [k] - A(m) induced by ¢, formally

g= {gq 19q(0 | x,a) = SaQ(x)[o—] Vqe Q}

Hence,
G <1Q]
Specifically,
gq*(O' | xt,At) = ]P)(O't =0 | l’t,At)
=5a,q" (z1)[0]
Vovk’s algorithm calculate the g4, in the following way.
Let,

1
Q) =1 _
log(gq) o8 gq(Ut | tht)

1
) 1Og((sAtq(act)) [at])'

17
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Then Vg, € G, the algorithm calculates a probability simplex b; € A(|G|) as follows.
by (gq) o< exXp ( Z Elog (gq )

Estimate g,
94:() = Eger, [9()]
Let the corresponding ¢; such that,

(jt() = IEg~b,5 [Q()] .

Then Vovk’s algorithm guarantees,

1 T

T
> log - > log

_— —— <log|g|
t=1 gqt(Ut | T a) 9q* + (o | Ty, a1)

Then, by applying Lemma A.14 from Foster et al.| [2021]], the output estimator of Vovk’s aggregating
algorithm g, satisfies, with probability of at least 1 -6,

9l

T
ZEt—l [D12{ (gqt(' | mtyAt) ‘ gq*(- | l’t,At))] <2log F @)
t=1

transforming this to our case, with probability at least 1 — 9, §; satisfies,

- 2 - " |Q|
> Eavp, [DH (Sade(wt) | Saq (xt))] <2log —
t=1

Remark 1. Define filtration H as,
i1 =0 (21, A1, 00, -1, Apo1, 04-1)

11d

Equation equationalso implies that, if z1,---, D, and py, §; are H;_1 measurable, then

with probability of at least 1 — 6,

T
Y Ee, ampy (o) | D (Sade (%) | Saq’ ()] < 210g =

t=1

\QI

O

Lemma B.2 (Infinite-class online Hellinger guarantee via contextual smoothed aggregation). Suppose
that the candidate conditional outcome-model class is,

Qc{q: X~ A(d)},
is possibly infinite but has finite covering numbers under the uniform Hellinger metric and that the
model is realizable ¢* € Q and the oracles are allowed to output predictors in co(Q).

Define G ¢ A(m) as a set of functions g, : X x [k] - A(m) induced by ¢, formally

g-= {gq : gq(a | x,a) = Saq(x)[a] q¢€ Q}

Moreover, let us define an e-cover 7, such that,

Vg, €G 3g, €T suchthat sup D}, (g:]( | z,a) | gq(-| x,a)) <e
zeX,ae(k]

2

Furthermore, let A"(G, €) denote the size of the smallest such cover. Define,

est(G,T) := isrzlg{log(J\f(g, €)) + €T}

18
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Then there exists a contextual online estimation oracle Alg., such that,
= 1
Reggn(Q7 T,6)<0O (10g(2m2T) -est(G, T) +log®(2m>T) log 5) .

The contextual online estimation oracle can be instantiated by applying an online aggregation
algorithm |Vovk! [[1995]; [Foster et al.|[2021] to a suitably discretized and smoothed approximation of
the parameter space Q.

Proof. The regularity assumptions required in Assumption A.2 of |[Foster et al.|[2021]] are already
satisfied by setting B = max{m,e}

1. Number of possible outcome for a context is upper bounded by m < B
2. g4(o | z,a) is a probability simplex (1 < B).

Smoothed Vovk’s algorithm calculate the g4, in the following way, let,
ho|w,a) = (1-a)gy(|@,a) +
m
then Vg, € J calculate the a probability simplex b, € A(]J|) as follows

t-1
bi(gq) o< exp (— > fffg(h))
s=1
Estimate g
94 = ]quth [gq:|
Hence,

Qt = ]Eqth [Q]

Then by applying Lemma A.16 from Foster et al.|[2021], with probability of at least 1 — 9,

L 1
ZEt—l [D%{ (gqt(- |z, Ar) | g+ (- | xt,At))] <0 (log(ZmQT) cest(G,T) + log2(2m2T) log 5)
=1

8)

Let §; € Q be the corresponding solution, with probability of at least 1 — J, §; satisfies,

T
Z Egep, [DIQ{ (Saq}(xt) | Saq*(act))] <O (1og(2m2T) cest(G,T) + log2(2m2T) log %) .
=1

Remark 2. Define filtration H as,
Hi1 =0 (21, A1, 00, -1, Apo1,04-1)

Equation equationalso implies that, if xq,---, 27 B D, and p;, §; are H;_1 measurable, then
with probability of at least 1 — 6,

T . 1
Z Ee-p, amp: (J2) [D%I (Sa(jt(a:) | Saq (x))] <0 (log(2m2T) -est(G,T) + log2(2m2T) log 5)
=1

O

B.2 OFFLINE ESTIMATION ORACLE

In this section, first we define offline estimation oracle and we provide examples for the offline
estimation oracles Algng and prove their estimation bounds.

Definition B.1 (Offline estimation oracle). An offline estimation oracle Algqg is an algorithm that
estimates the unknown parameter ¢* € Q from the observed data in a batch fashion. That is, after
observing ¢ rounds, given the feedback symbols collected so far, the oracle produces an estimate

Q= AlgOH({(As,ws,m};l) :
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Assumption B.1 (Hellinger-closeness of the offline estimation oracle). Foranyt¢ e N, letxq,...,x; Hd

D, and let § denote the estimate returned by Algog on the resulting sample. Define Reggﬂ (9,1),
such that

N “ Reg o,t
B s [ DRS00 | S ()] - B2 (2.

where p denotes the behavioral policy used to collect the sample, and the expectation is taken over a
fresh draw («,a), conditionally on §. We assume that the offline estimation oracle Algng guarantees,
for any 0 € (0, 1), that with probability at least 1 — 4,

—H
Reggff (Q7 t) < Regoff (Qa tv 6) )

—H
where Regog (Q,t, ) is a known, deterministic upper bound.

Having established in Appendix the existence of online oracles with favorable guarantees for
both finite and infinite model classes, we can always obtain offline oracles for both by online-to-batch
conversion. Beyond this generic construction, we also show that the conditional maximum-likelihood

estimator satisfies Assumption With a favorable bound Reggg(Q, t,0).

Lemma B.3 (Existence of a contextual offline estimation oracle for a finite class). Suppose that the
candidate conditional outcome-model class

QE{q:XeA(d)}

is finite and realizable, so that ¢* € Q. Then there exists a contextual offline estimation oracle Algqg
such that Assumption [B.]is satisfied with

Regy (Q.1,6) :zlog(f;)').

The contextual offline estimation oracle can be instantiated using the conditional maximum-likelihood
estimator

G; € arg max zt: log((SASq(acs)) [O’s]) .

qeQ  s=1
Proof. Let
zs = (Ts, As) (Where zs ~ X(i.i.d) and Ag ~ ps (21:5-1, Y1:5-1, Ts )
Ys =0s
Hence,
Zg ~ Ds (Z1:5-1,Y1:5-1) (for some distribution D)
Define
[ (zssys) =P(ys | 25)
=P(os | As,25)
=P(os | Sa.q"(2s))
= 54,4 (zs)[0]

Furthermore, define
F={f:f(zy) = Saq(z)[0] YgeQ}
Hence,
71 <€l
Following the work of |Agarwal et al.| [2020] (section E)

t
f = arg max Z log f(zs>ys)
feF  s=1

t
= arg max Z P(os | Sa,q(xs))

q s=1
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Therefore, let

t
4; = arg max Z log (]P’ (O‘S | xS,AS,q))

q s=1

t
= argmax y. log (S, - q(zs)[0])
q s=1

then,
f(z7y) = Sa@t(x)

By Theorem 21 of |Agarwal et al.[[2020], this maximum likelihood solution, satisfies the following,
t
f’
Z EzNDS | |
s=1

N " 2
Fe = 1l 2108 (5))
Although Theorem 21 is stated in terms of squared total variation distance, Remark 23 observes that
its proof directly establishes the corresponding squared-Hellinger bound.

f*(z,.))] < 2log(|:§)

Zt:EmDS I:DIQ-I (f(za')

s=1

Therefore, in our case

Zt: Ezex avp, [DIQ{ (Sa . cjt(:z:)‘Sa . q*(x))] < 2log (%)

s=1

C AnaLysis orF E2D.PMSIDE

C.1 Proor oF THEOREM [3.1]

TheoremM(Regret of E2D.PMSIDE). Suppose Alg,, has a Hellinger regret bound %gn (Q,T,6).
Fix «v > 0. Then, for any § € (0, 1), with probability at least 1 — 4,

T R — "
Reg, <T'- UtlleVW(Qt(xt)vpt) +7-Rego, (Q,T,9).

Proof. Let

Ay, =argmin(p’)"Lq* (x¢) (The best policy for context ;)
p'eA(II)

T
Regy = > py L™ (21) = (A}, )T Lq" (1)
i=1

™M=

piLe(xe) = (N5, " Lge(we) + (N, = pe) " L(Ge(20) = ¢" (1))

~+
I
—

. (2, -p) L) - " @)’
)‘;:,,_tTLAtxt—*ft =

(%, =20) L(Gu(20) = a* (1)) B, [ DA (Sudi () | St (20)]
(2, - p) Lo - 02)’

: (Baer [DR(Sut ) [ Sug” ()],
© namdo Eowp, | D3 (Saa1 | Sats)] ( v [Dh(Sute(an) | Sut” (@)]

. (Ep [ DR (Sadi(a0) ] Saq*<f”t))])
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Therefore,

(()‘;t —Pt)TL(Qt(mt) - q*($t)))2 < Coverage(py, )\;t) : (EQNPt [D%I(Sa(jt(xt) | Saq*(ﬂft))])

((A; _pt)TL(ljt(fft) - q*(xt))) < \/Coverage(pt, A;,,) : (Ea~pt [D%I(Sa(jt(xt) | Saq*(ﬂft))])

1
< ;Coverage(pt, An )+ (anpt [D%(Saqt(xt) | Saq*(mt))]) )
(AM-GM)

T 1 T .
Regp < Z sup [ptTLq}(J:t) - AL (x¢) + —Coverage(ps, )\)] + Z ~y (Empt [D?{(Saq}(ﬂct) | S.q (xt))])
t=1 AeA(II) Y t=1

L . . 1
<> sup [p;th(xt) - AL (x¢) + = - Coverage(pg, \) |+ (Reggn (Q,T)) )
t=1 AeA(IT) Y

Therefore the regret can be bounded as,

T
Regr < Y Vo (Ge(ze),pe) +7 (Reggn (Q7T))

t=1
< T max V, (6u(21),p1) + 7 (Regt, (Q,7)).

Hence, with probability of at least 1 — 4,
T R —H
Regp <T'- ntlfiXV’Y(Qt(xt)vpt) +7-Rego, (,7,9).

Moreover,

Remark 3 (DEC bound). Forallz € X,j e Q,p € A(d),
V5e(d(x), Qup) < Vo (d(2). ).

Proof.

VI(i(x), Quip) = sup [pTLq(x) ~A"Lg(2) =7+ Eawp | Dit(Sad(x) | Saqu))]]
q€Qz NeA(k)

= s [p'Lg(2) - \'Lq() =7 Eqnp [ Di(Sai(@) | Saq(x))]]
qeQ. AeA(IT) L

= sup [pTEd(@) N Li@) + (A= p) L) - 6(2)) =7+ By [ Dh(S0(0) | Sua ()]
qeQ. AeA(IT) L

IA

1
sup p'L4(x) - AT Lg(z) + —Coverage(p, )\)]
q€Qu AeA(TT) | gl

1
= sup |p'Lg(x) - A" Lg(x) + —Coverage(p, /\)]
AeA(I1) Y

=V,(4(2),p)
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C.2  Proors FOR ALGORITHM [2] (-GREEDY.PMSIDE)

Recall that in partial monitoring the loss difference between two actions can be expressed in terms of
the feedback from other actions (Definitions [2.2]and 2.3)), though the two observability conditions
supply that expression differently. The following lemma abstracts both constructions into a single
reference witness G and bounds the coverage in terms of it.

Lemma C.1. Suppose there exists a reference witness function G : A x ¥ - R, in the sense that for
all b,ce Ac[k],

Z Gb(a; (bao) - z Gc(aa <I)ao) =Lpo—Leo Vo€ [d] 9)
acA acA

where, G, denotes b-th index of G. Then Vp, A € A(A),

_ : 2
Coverage(p,\) <4 Y (Zpea(Ds = M) [Gr(a,2) o) gy Y MIIGb(a,r)Hi
acA Pa acA be A a

Proof. First, since D (u|v) > 2|u-v|? (Lemma , we have,

T 2 T 2
(O-»'Z@-w) (A=) (a0 - )
S su

ql,qQEE(d) Yaea Salqr — q2)[3

Coverage(p,\) =  sup
a1,92¢A(d) Eqp [D%I(Saih | SaQ2)]

Taking a weighted summation of Equation (9) over b, ¢ with weight p,\. gives,

(p- )\)T(Z G(a,®u) - L.,)=0,Vo

And thus,
(P-N"L(q-q2) = ZO:(P -0 a; G(a, Pao)(q1 —42)o
= EO:(P -7 a;; G(a,0)(Sa)o,0(q1 ~a2)o
=(p-N)" ; G;AG((% o) (Salq1 —a2))o
<2220 2. (oo = M)Gr(a,0)(Salar - ¢2))o

beA o acA
And therefore, exchanging the summation by moving 3" to the innermost, and by triangle inequality,
>, Gp(a,0)Sa(q1 — g2)0| < |Gp(ay:)] o] Sa(g1 — g2)|1; this implies that
(p=N"Lla1 - @) < X 3 I = MlIGu(a ) ol Salar = a2)]1.
aeAbeA
The first inequality of the lemma now follows from the definition of coverage and Cauchy-Schwarz
inequality.

The second inequality follows from that

(30 (s = M) Goa)le0)? <203 Pl Golas ) oe)® +2( 3 Aol Go(a,2) ] 0)?
be A be A

be A
<23 ol Gola, )% +2 Y Ml Gola,:)|2,
be A be A

O

In Lemma the indices b and ¢ range over a set A, which we take to be [k] for globally observable
games and II for locally observable games. In the globally observable case the behavioral policy
places mass on every action, so the sums must run over all of [k]; in the locally observable case both
policies lie in A(IT) and the witness vanishes outside II, so the restriction is without loss.

Lemma(Guarantee for Alg.for globally observable games). LetG = (L, ®) be a globally observ-
able partial monitoring game in the sense of Deﬁnition and set (3 := max g p)e[k]x[k] | W(a,b) | oo
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We have for any § € A(d),

168% & 1
1% (q p) < max p'Li-N'Lg+ 165 —.
AeA(II) Y =1 DPc

Thus, for every v > 165?32, and every ¢ € A(d), Alg.[2]outputs p such that
. 1
V,(4,p) < O(kﬁ\/;) .

Proof. For globally observable games, we can construct reference witness function by simply setting,
for all b € [k]

Gy(+,+) = Whao (- ) (for some reference action ag)
Hence, by Lemma|C.1}

Coverage(p, A) < 16( bgnax lweaplZ Z —

:uw224<
c=1

C
This finishes the proof of the first part of the lemma.
Let a be the empirical best arm based on our current estimate §. That is,

a:=argmine, L§(x).
aell

Set,

1
=(l-€)eg+e—,
p=(l-¢)e ek

so that p. >  for every c € [k], hence
k k2
D

1.

Pc
1

VW((j(x),p) = sup [pTLQ(x) - A"Lg(x) + — - Coverage(p, \)
Y

AeA(TT)

<p'L(x) - eTLq(:zr) + — 165 Z p—
c=1 Fc

1 T 1 202
< ((1—e)ed+ek) Li(z) -e,Lg(x) + 6k°5
€

16k232
YE

<e %1TL(j(x) +

16k2ﬂ2

(L €[0,1]™%)

= O(kﬂ\/7) (by choosing ¢ = k:ﬁ\/g <1)

This finishes the proof of the second part of the lemma. [
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C.3 ProoFs FOR ALGORITHM [3| (SQUARECB.PMSIDE)

We can choose a spanning in-tree over the neighborhood graph (II, £). That is, assign an arbitrary
action root as the root and choose an in-tree 7 such that, there is a unique directed path(a)
from any action a € II to roots € II (See Figure [1). Now, define witness reference function
G7:[k] x ¥ —» RU Va eII such that,

GZ—(C, o) = Z we(c, o), a€ll, (10)
eepaths(a)

where w, denotes the witness function associated with the edge e by local observability (Definition[2.3).
Here it is noteworthy that, let e = (ey, e2) then we(c,0) =0 Vc ¢ {e1,e2}. Therefore,

GT (¢,0) = 0if ¢ ¢ path-(a). (11)
Therefore, the local observability condition induces a sparse G (-, o) function, which will become

handy for us to allocate probability only for the actions populating it. Furthermore, we can also show
that, Va € I1

Z GZ—(Ca (I)co) = Z Z ’UJE(C, (bco) = Z Z we(ca (I)co) = Lao - LrootTo (12)

cell cell eepath-(a) eepath(a) cell
Hence, witness reference function G satisfies the conditions of Lemma|C.1] Hence,
Now we relax V,y((j,p) with sparse G7 (-, o).

Lemma Let G = (L, ®) be a locally observable partial monitoring game in the sense of
Definition Let 7 be an in-tree of the neighborhood graph and G be its associated witness
reference function. For all p € A(IT), we have

N ~ ~ 8 Ab Db T 2
V. (4(x),p) < max pTLi(x) - AT Lj(z) + = (+) G’ (¢, )plo
(00).9) < mave "B ~X"Ea) = 55 (20167 (e

32
<Inm(pTLﬂI)—ArLﬂ$)+j;qg§W%Hi

< o b).
AeA(II)

(bell, cell):cepath - (b) (pc Pe

Proof. By Lemma|C.I]

Coverage(p,)) <83 3" (Ab . pb) 16T (eI
D b

bell cell c c
This finishes the proof of the first inequality of the lemma.

Furthermore, we have

Gz—(cf) = Z we(c,~),

eepath-(b)

Let e = (e, e2), then by Deﬁnition we(c,-) =0 Ve # e, ea. Hence,

Coverage(p, 1) <8 3 (Ab ; pb) T ()12

bell cell \Pc  Pc
A
=8> > (b+pb) I > wele,)1{ce{er, e} }]%
bellcell \Pc Pc /) cepath,(b)

SsuplulL P E (2 2)] T pfee el

bellcell \Pc Pc /) cepathr(b)

A
“s2maxlwfZ Y (b+Pb)
ee (b,c):cepathy-(b) \Pc  Pe

(one vertex will be a part of maximum 2 edges in an in-tree path)

%+M)

< 32 mac|u |2 (
e (bell,celT):cepath - (b) \Pc  Pe
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This finishes the proof of the second inequality of the lemma. O

Above result is true for any in-tree with an arbitrary root. However, in general, we do not want the
paths to be arbitrary: for a “bad” action ¢ and a “good” action b (i.e., e Lq is large while e/ Lq is

small), we would like p,. to be small and pj, to be large to ensure p? Lj(x) — AT Lj(x) to be small;
however, if ¢ happens to lie in path(b), that can cause the % term to be very large. Hence,

1. We need to choose an in-tree 7, such that the path to any action a have actions with smaller
estimated losses, such that assigning higher probability for them is both informative and

rewarding.
2. We need to find a mechanism to allocate probability along this in-tree 7 respecting 1), such
that both p” Lg(x) - AT L§(x) and % maxece |we |2, Y (belL cell):cepath - (b) (% + i—’c’) are

controlled.

The best solution for 1) is an L§-decreasing in-tree. We define T -decreasing in-tree as follows,

Definition C.1 (7 -decreasing in-tree [Lattimore & Szepesvari, 2020]). Let 7 be an in-tree over [IT].
A vector y € R is called T-decreasing if y, > v for all directed edge (a,b) € 7. That is, a ~ y, is
decreasing towards the root of 7.

Basically, an Lg-decreasing in-tree 7 will have the empirical best action (arg min, g e; L§(x)) as
the root and for every directed edge e = (a,b), e, LG(x) > e/ Lg(x). Such a T is guaranteed to exist
by |[Lattimore & Szepesvari| [2020]] (Lemma 19).

For 2), we observe that, inverse-gap-weighting (IGW), by construction, assigns probability in an
increasing fashion toward the root. Now we provide the proof for Lemma[3.2}

Lemma (Guarantee for Alg. 3| for locally observable games). Let G = (L, ®) be a locally
observable partial monitoring game in the sense of Definition [2.3] For every v > 0, and every
g € A(d), Alg.PJrun with k = g and yu = k, outputs p such that

21.2
v, (4,p) so(m i )

Proof. Recall that we define in Alg. [3|that, b = argmin,.e! Lg(z) and Ya € II ~ {b}, p(a) =
1 7 p—
n(eaze) Tatey Adp(0) =1 =% o g3y p(a)-

We choose T to be Lj(x)-decreasing in-tree in the neighborhood graph; we have that for any (b, ¢)
such that ¢ € path,(b), p. > py. This is true because for any c € path(b) of L{(x)-decreasing
in-tree, estimated loss of ¢ is lower than estimated loss of b. Hence, by construction of IGW based

policy p, pc > py.
By Lemma 3.3 we have,

Coverage(p, \) < 32 maSXHwe 1,
€€

A
(b,c):cepath-(b) Pc Pc
Since for every c in path(b), p. > ps

A
Coverage(p, \) < 32max|we|2, > (b i pb)
cet eIt \Pb Db

A
< 2 7.2 2 b
<32 Irelgangwe |5k~ + 32 rreleagxnwe ||°<,kb§H o

Moreover,

1 A
sup {p'Lj(z) - ATLj(x) + = - 32max|w. |2 k > 2b
AeA(ID) 2l eef bell Pb
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R 1 R
< sup Z (po — M) Ly :4(z) + — - 32max||w. Hzok Z b (u +K (eb - el;)T Lq(x))
AeA(ID) | perl 2l eef bell

In the above inequality, we use the observation that p; is lower bounded by % This is true, since
w=k.

1 A
sup {pTLa(x) -NTLq(e) + 32w 2k S b}

AeA(II) bell
R 1 T
< sup Z (py— o) Lp.4(x) + — - 32 mawaeHikQ + Z b (eb - eg) Li(x)
AeA(ID) | pet v eef bell
_ _ v
(n=k k=5 maergHwCHEok)
Furthermore,

sup lZ (Po = Ao) Lp:q(2) + Y Ao (en — 6,;)T Lﬁ(iﬂ)]

AeA(II) | bell bell
= > v ey Li(z) - e Li()
bell
= ) meLi(z) -e]Li(x)
belI~{b}
1

Tra TL§

¢y Lq(x) — e Lq(x)

ben\{g}u+n(ea—65) Lg(x
k1

<2 - L samaxfw, |2
K ~ ee€

Hence, V§ € A(d)
1
V,(4,p) < 5 ~96H6138x\|we [

Furthermore, revisiting Definition [2.3]

Loo—Lio= ). we(c,Peo), for all o € [d].
ce{a,b}

= We(a, Do) + We (b, Deo).

By Lemma|G.3} one can always find, a witness function such that, ||w, . < %, Hence, V§ € A(d
2

-o[2)

This completes the proof. O

C.4 NON-DEGENERACY ASSUMPTION

Definition [2.3]is applicable only when the game is non-degenerate. When there is degenerate action
in [k], the definition for local observability becomes,

Definition C.2 (Local observability, general form; |[Bartok et al.|[2012b]). A globally observable
partial monitoring game is locally observable if for every edge e = (a,b) € £ of the neighborhood

27



Preprint.

graph the witness function w, of Definition|2.2| may be chosen supported on
api={ce[k]:CanCycC.},
that is, we(c,+) = 0 for all ¢ ¢ Na*’b, so that
Loo—Lpo = Z we (e, Peo ), for all o € [d].

ceN*
a,b

The set NV, ;r , contains the two endpoints, but may also contain degenerate actions whose cells lie
inside the shared face C, NnC,. For d = 3, for instance, a degenerate action with dim(C.) = 1 is optimal
only along a line segment, whereas a Pareto optimal action is optimal on a two-dimensional region,
yet such an action can still be a necessary source of information.

Two parts of our development break under this more general condition. First, the exploration
rule must assign probability to the degenerate actions as well, which requires a modification of
SQuareCB.PMSipE. Second, Lemma(G.3|no longer applies and must be replaced by Proposition 21 of
Lattimore & Szepesvari|[[2020] (see Lemmafor restatement), which introduces a exponential factor
in d. The modification to the algorithm is straightforward, and we conjecture that SQUARECB.PMSIDE
continues to guarantee O(\/T) regret, but the analysis requires care. We leave this extension to future
work.

D CONTEXTUAL PARTIAL MONITORING: REDUCTION TO OFFLINE REGRESSION

For definitions and examples of offline outcome estimation oracles, Please see Section

D.1 OE2D.PMSIbE

The bounds on V,(§(x),p(z)) established for globally observable games (Lemma and for
locally observable games (Lemma [3.2)), under the exploration strategies e-GREEDY.PMSIDE and
SQuARECB.PMSIDE respectively, remain valid in the offline setting, since both hold for every
G € A(d) rather than for a particular estimate.

What does not carry over is the regret decomposition of Theorem[3.1] Inspecting the guarantee of
Assumption an offline oracle’s Hellinger bound makes two demands of the sampling policy:
it must be held fixed over the rounds to which the bound is applied, and it must be the policy that
collected the data from which § was estimated.

The first is obtained by freezing the policy within each epoch (Line[8). The second is where coverage
does the work. Because Coverage(p, A) is a supremum over pairs of models in the class and never
references ¢, a policy with small coverage distinguishes any two members of Q, in particular § and
q*, whichever estimate the oracle happens to return. Lemma makes this precise.

The DEC of |Foster et al.{[2021] lacks this property: its exploration term —-IE,..,, I:DI%I (Sa(j (x) | Saq)]

is anchored at . In an epoch-based algorithm (Lines|[7H14), the estimation error for a given g therefore
cannot be controlled using a policy from a different epoch, which played no part in producing it.

Now we present our algorithm OE2D.PMSIDE.

Furthermore, we can employ Algorithm [2| for globally observable games, such that for every
e > 16k%32, and every ¢ € A(d), Alg. [2]outputs p such that

Vw((j,p) < O(kﬂ\ / 71) . (Lemma[3.1)
{

and for locally observable games, we can employ Algorithm 3] such that For every ~, > 0, and every
g € A(d), Alg.PJrun with £ = g7 and = k, outputs p such that

8k2m?2

2k.3
V(a0 ™). Lemmaf52)
4
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Algorithm 4 OE2D.PMSipE

1: parameters:
Offline estimation oracle Algqq
Exploration parameters {7, }%
Error rates {80} 2,
Epoch schedule 0 = 79 < 7y < -+ < 7,
2: fort=1tor do
3:  Observe the context x;
4:  Find p, that approximately minimizes,

sup Coverage(p, \).

AeA(IT)
5:  Choose action A; ~ p; and observe feedback o
6: end for
7: for £=2,3,---, L do
8:  Compute estimate Gy = Algog ({AS7 T, as}::uﬂ)
9: fort=1_1+1tor, do
10: Receive context x;
11: Find p, that approximately minimizes
. R . 1
Voo (@e(we),p) = sup p'Lde(xt) = A" Le(x¢) +— - Coverage(p, A) .
AeA(II) Ve
exploit explore
12: Choose action A; ~ p; and observe feedback o;.
13:  end for
14: end for

So in both cases, we have algorithms to find policies that establishes an upper bound for our objective
function. Let us denote it by V. So,

/1
Ve = O(k/é’ ) (for globally observable games)
e
m2 /{3
Ve = O( ) (for locally observable games)
Ve

Furthermore, within a single epoch ¢ for all round ¢ € [7y_1+1, 7¢], the estimator does not change(ge(-)),
only the context z; changes. So, within an epoch ¢,

xyy =2y, = Qe(x4,) = Ge(x1,) == pr, =D, Vi1, ta € [To1 +1,7¢]

So, we can always think that within an epoch, every p; is sampled from a fixed distribution p,(- | x¢),
that is, we can denote,

pr < pe(-| @) Vte[rey +1,70].

D.2 REGRET ANALYSIS
Next, for readability and reduce the notations clutter we define the following,
Definition D.1. Define:

o L*(N| ) = AT Lg*(z): The loss incurred by policy A under true outcome distribution ¢*
for a context z.

« Ly(X|z) = AT Ljy(x): The loss incurred by policy A under estimated distribution g, for a
context x.

* A\ =argminyea(my £7(A | 2): The true best policy for context .

« \p=arg minyea Ly(\| z): The estimated best policy for context x.

* Reg(A|z)=L*(N|x)—L*(N\* | x): The regret incurred by policy A under true outcome
distribution ¢* for a context x.
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Reg,(\ | ) = Ly(\ | ) - L¢(\ | z): The regret incurred by policy A under estimated
distribution ¢, for a context x.
C(pg, )‘) = Coverage(pg, )\a )

By =Baup, . [ D3 (Sae(2) | Sat’ (2))]

In all the above definitions, we might drop (- | ), when it is evident from the context. For example,
we might denote L* (A | z) — L*()).

Next we present two important properties of our policies and estimators.
Certification:

This property is a direct consequence of our algorithms finding the policies which bounds our objective
function by V.

VeeXand V{>1,
R R . 1
V3o (@e(x),pe) = sup pyLge(x) = A"Lge(x) + — - Coverage(pe, A) < V;
AeA(IT) Ye
Hence,
VeeX,Vl>1and, VA ell
TT A Tr A 1
ppLge(x) — N Lo (x) + 7— - Coverage(pe, \) < Vi
1
—~ —~ 1
= Lo(pe|z) - Le(N|z)+ ” -C(pe, \) < Vi

Since, this is true for all z € X', we take the liberty to drop it,

= P 1
Lo(pe) = Le(N) + —-C(pe, A) < V. (certification)
Ye

Off-policy evaluation (OPE):

Lemma D.1 (Off-policy evaluation lemma). With all the definitions in Definition[D.1} Y\, V¢ > 2,
and Vz,

Lo\ =pe-i |2) =LY\ =pe-1 | @)

1 3
< ™ -C(pe-1,\) + %E@. (Off-policy evaluation)
Ve

Proof.
(B -pea | 2) - £ A= pes | )]
= (A= pee) Lie(w) - A -pie) ' La* (@)
(O =pe) L@@ ~a* @) o g :
= *Lanpeg aGe(r) | Saq” ()
Eompros | D (Sl () | Sut ()] [P (00 8 ()

< Coverage(pe-1,A) - Eqep,_, [D%I (Sa(jg(x) | Saq*(x))]

‘Ee(A —pe-1|x) =LA =pe-1 | x)

< \/Coverage(pg_l, A) Egep, . [DIQ{ (Sade(z) | Saq*(a:))]

1 3 R *
< 67’75 - Coverage(pe—1,A) + % Eoep, , [D%I (Saqu) | Saq (a:))] (AM-GM)
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1 3
= - " O(pg_l, /\) + ﬂE{.
6ye 2

The second term is the generalization error of the offline oracle: ¢, is estimated from data collected
in the previous epoch under py—_1, so Assumption (Hellinger boundedness) applies to it directly.
This coupling between the estimate and the policy that produced it is what makes the offline analysis
more delicate than the online one, where the estimator is updated as the data arrive.

The first term involves no estimate at all: Coverage(ps—1, A) depends only on the model class, on A
and on py_1. A policy that makes it small therefore controls the evaluation error for every § € co(Q.)
at once, in particular for whichever estimate the oracle returns in epoch ¢.

Now we present an abstract regret theorem about epoch-based offline oracle-efficient interactive
learning algorithm from [Qin & Zhang|[2026a].

Theorem D.1 (Generalization of regret concentration theorem from|Qin & Zhang| [2026a]). Let A be
a set of policies, £(- | x) : A - [0,1] a value function and £* (- | ) and L(- | ), £ € [ L] are value
functions measured under the true model and estimated models respectively. A* € A and M¢ € A are
respectively the optimal policies under respective true and estimated models. Let Cy: A x A > R, be
coverage maps, pg € A are decisions, 0 < y; < 9 < --- < 7y, learning rates, and Vy, Ely > 0 numbers
such that,

(C1) (certificate) for every £ > 1 and every A € A,
Eiloe| 2) = Ei(A| )+ 2= Cilpr.0) 5 Vi
(C2) (off-policy evaluation) for every £ > 2 and every A € A
‘EP()\ pe-1| @) = L7(A = pe- 1|I)‘ < fC'e 1(pe- 1,/\)+*Ee

Define G =1 and, for ¢ > 2,

. 1 £
VG = Ye-1Goo1 +Ye-1 Vet + 97 B, ie. Gy= ” {71 + 3 (i1 Vier + 977 E:) |-
¢ i

Then, for every £ € [L] and every A € A,
Reg(\ | z) < 2Reg,(\ | z) + Gy and Reg,(\| z) < 2Reg(\ | z) + Go.
Consequently Reg(pe | ) < 2V, + G, for every ¢, and

To—
Z T = Te-1) Reg(pe|x)<71+271
=1 =2 e

¢
2 Ve +m + 2. (vie1 Vi + M7 E:) |
i

Proof is deferred to Appendix |Gl We can apply this theorem directly and obtain a per-context regret
bound. Now we state the main theorem that bounds the regret with high probability for any epoch
schedule.

Theorem D.2 (Regret of OE2D.PMSIpE). Suppose Alg,g has a Hellinger regret bound
—H

Regog (Q,T,0). For any non-degenerate globally observable partial monitoring game without
duplicate actions, assume that x; Lid D,., then for any ¢ € (0,1), OE2D.PMSIDE run with

1. exploration rule Algorithmlfor globally observable game (with v, > 16k26 2vee[L).

2. exploration rule Algorlthmlfor locally observable game (with x = V¢ e [L] and
w=Fk)

3. exploration parameters such that, 0 < y; <2 <--- <7p,

8]@"’m2

satisfies,
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_ ¢
Regp < L-m +2L ?1[aL>]< oL (Q’YeVe ++ ). (%:—1Vz'—1 + 9’77;2R6ggff(Q, Ti — Ti-1, 57))) .
€ Ye =2

where,

« Regp = E . sap [Regr |

e V= O(kﬁ \ /%) for globally observable games

e V= O(%) for locally observable games

Proof. From Theorem [D.1] the regret per—context is bounded by,

Z 70— 7e-1) Reg(pe | @) <71+Z o= 7-1)(2Ve + Gy) (Reg(p1 |z) <1)
(=1

¢
2vVe+ 1+ . (vie1 Vit + M2 E:) |
i

=2
_ i —Te-1

Let us denote,
Regr =E i, [RegT]

Here, note that, even though the randomness w.r.t to contexts are removed, Reg, is still a random
variable in terms of policy. Hence,

Reg; = E e [Regr] = li i Reg(pﬂxt)]

£=1t=T¢-1

T T
<]E[Z7'1+Z[W£1(2WVZ+71+Z(% 1Viet + 9% E ))]

(=1 =2

~ ¢
< L7 +2Lmax -1 29%Ve+ i+, (Vi—lvi—l +97E “dp [EL]) '
e[L] v i e

If the contexts are i.i.d such that, x; i5d D,, then,

%TSL'Tl

£

T~ 2 A~ *
+ QL?SPL)% T (Q’Yevz +y1+ 122 (% Vet + 97 E i Eawp, s [DH (Sade(z) | Saq (f))]))

_ [
<L-m +2Lmaxw 29¢Ve + 71 + Z Yic1 D1 +972-2
Le[L] e i=2

Ti = Ti-1

Reggﬁ:(Q, Ti _Til))

We know that, with probability of at least 1- ¢,

- H
Reggﬁ(ga 7i = Ti-1) < Regog(Q,Ti — Ti-1,9)
Set §, = %, with a probability at least 1 -6,

- H

— T 4 R T 1.0
RegT < L-71 +2Lmax T Te 29V + 71 + Z Yie1 Vi1 + 9%2 e8orr(Q:7i = Ti-1,01)
Le[L] Ve i=2 Ti — Ti-1
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The final regret depends on epoch schedule. We choose a doubling epoch schedule.

—H
Corollary 3. Suppose Algog has a Hellinger regret bound Regqog (Q,T,6). For any non-
degenerate globally observable partial monitoring game without duplicate actions, assume that

Tlyeee X rid D,, then for any 6 € (0, 1), the algorithm OE2D.PMSipE run with,
1. exploration rule Algorithm[2for globally observable game (with ~; > 16k*3% V¢ € [L]).
2. exploration rule Algorithm or locally observable game (with r = g4~ ¥l € [L] and
p=Fk)
3. doubling schedule, such that 7, = 2°
4. exploration parameters such that, 0 < y; <7y <+ <y,

—H
5. with assumption Regog(Q, t, d) does not depend on t. Generally this is the case.
6. withd, =2

satisfies the following guarantees,

C-Tg-k}ﬁ

—g———| for some constant C,
Regog(Q,7¢/2,6/L)

1. For globally observable games, with ~y, = (

Regr < O (T4 10 (T) (18) (Rezon(Q.T. 6/ 10g(T)))’ )

2. For locally observable games, with v, = 757‘% for some constant D,
Regog(Q,7¢/2,0¢)

Regr =0 (log%w T ko Rog (,7/2.0/ 1og<T)>)

where, R‘é’gT = Ezi.i;d,D [RegT]'

x

Proof. First of all, for doubling epoch schedule,

T, = O(T)
Te
Te —Te-1 = 5
L =0(logT)

—H
QRegOff(QaTi - Ti—la(si)

_ ¢
Regr SL-71+2Lmaxw 27 Ve + 71 +Z Yi-1Vio1 + 9
felE] e i Ti = Ti1
= L7 +2Lmax 27V +y +i ~i-1V; +972R76ggff(g77—i/2a5i)
- o 1 i-1Vic1 f
Ce[L] 27¢ i—2 7i/2
e y T%EH(Q 7i/2,0;)
<L-m+2Lmax — [y + > v | 2V + 18y ’ )
Le[L] 2’}/@ i T

—H
R i/2,0;
SL07'1+2L2maxl Y1 + maxy; | 2V; + 18~; egoft (2 7i/ )
€e[L] 2y ie[] T

= L-7 +2L? max T (71 + max Yi (2TiVi + 18’yz-ReggH(Q7Ti/275i))) .
e[ L] 2y ie[l] T;
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For globally observable games,

1
Vi=C-kBy[— (for some constant C)
Vi

ﬁveng =L-1 +2L? maxl ol +max & 21;,C - kS i+18%-Rieggﬁ«(Q,TZ-/2,(5Z-) .
Ce[L] 2¢ iel] T i

@l

- Cleﬁ
st (Reg‘ég@,n/z,m )
Regr

<L- 7'1+2L max—

ma (C-nkﬂ)ﬁ(Reggﬁ(Q,n/z,amé+18<c-nkﬂ>§(Reg‘éff(Q,n/z,ai))é))
Ce[L] 27y

€[l] T,

=L-7 +2L2 in[aLXU(’yl+20max(C’ T:kB)3 (Reggﬁ(Q,Ti/Q,&));).

=L-1 +2L% gn[aLx— " +20max—(C leﬁ) (Regoﬂ,«(Q 7i/2,6; ))_)

<L +2L2 ?1%2”(71”07;(0 kpB)3 (maxRegOH(Q 73/2,8;))" )

= L-7 + L’ max (RegOff(Q’Tf/2;5f))§Tz§
te[L] (C-kp)3
7H 5
3 3 ey (R \Te/2,6¢)) %
=0 L2(C - kB)% max 7} ot [L](iggﬂ(g 7o/ e))1
L] minger)(Regog(Q, 7¢/2,00)) 3
2 2 —H N
=0 (T3 log?(T) (k)3 (Regog (Q, T, 8/log(T))) 3)

(Here we assume Reggﬁ(Q, t,0) do not depend on ¢. Generally this is the case.)

( 1+207’ (C- k;ﬁ) (maXRegOH(Q 7i/2, (5))_)

And for locally observable games,

(for some constant D)

— 1
Regp< =L-m +2L° maxﬂ " +max 1 (QTZD m?k3 — + 18%Regoﬁ(Q 7:/2,0; ))
¢e[L] 27 ie[l] T; i

D-1;-k3m?2
Set ;= —_—
TN Regoa(Qomi/2.8)

Regy < L-7 +2L? max— " +20max = (\/D Ti- k3m2RegOH(Q 7i/2,8; ))
¢e[L] 27 iele] T

=L-71 +2L% max —— (v, + 20D - k®>m
' []27@(71 )

—n
2,6
L7 +2L%m X\/TKREgOH(QvTZ/ ;0¢) (v

20D - k*m?
relr) VD IB3m? v )
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0 (sz/ T-kBm?RegISH(Q,T/M/L))

-0 (mg?m% T Kom*Roag (Q,T/2,0) 1og(T)>)

E EMPIRICAL STUDIES

Additional LLM-routing details. The cached BoolQ dataset contains 12,697 prompts, of which
12,648 have parseable responses from both Qwen2.5-0.5B-Instruct, used as the weak model, and
Llama-2-13B-Chat, used as the strong reference model. The binary routing outcome indicates
whether their cached responses disagree; BoolQ gold labels are not used as routing outcomes. Each
prompt is represented by a 138-dimensional context consisting of 10 weak-model uncertainty and
probability statistics, 64 whitened principal components of the weak model’s hidden states, and 64
whitened principal components of a context-free prompt embedding. All 12,648 eligible examples
are presented online, and outcomes are revealed only after querying the strong model. Each policy
makes a routing decision at every round, whereas its estimator is updated only once in 32 rounds,
using all feedback revealed before that round. CBPS1pE [Bartok et al., 2012a; |An et al.,[2026]] uses a
linear logistic disagreement model and the confidence radius

Be(xs) = min{0.5s\/xtTV;;11xt, 0.5} ,

where s is the tuned multiplier. The two SQUARECB.PMSIDE variants use i = 2, k = s\/1', and inverse-
propensity weights capped at 10. Their only intended difference is the disagreement-probability
estimator. The linear variant fits an Ls-regularized logistic model with C' = 1, the 1bfgs solver, and
a weighted standardization step. The nonlinear variant uses scikit-learn’s histogram gradient-boosting
(HGB) classifier with binary log loss, 50 boosting iterations, learning rate 0.05, at most 15 leaves per
tree, a minimum of 20 samples per leaf, Ly regularization 1, and no early stopping. At each eligible
update, both estimators are refitted using their complete accumulated inverse-propensity-weighted
feedback. PG-TS [Grant & Leslie, [2021]] uses a Bayesian logistic disagreement model with

0 ~N(0,(s00)°I),  o09=1,
and performs 15 P6élya—Gamma Gibbs transitions whenever its posterior is updated.

Both ETC baselines [Garivier et al., [2016] use an initial exploration budget of s - 7'/ rounds to fit a
linear-logistic model and a histogram gradient boosting (HGB) model respectively. The fitted models
are then frozen, and the remaining queries are routed according to them. The random baseline instead
routes each query to the strong model with a fixed probability, independent of context, swept over
{0,0.2,0.4,0.6,0.8,1}.

Table [2| shows how s is used to tune different hyper-parameters for different algorithms. For each
policy and each £y, we select s € {0.1,0.3,1,3,10} by minimizing mean total cost over 20 paired
random permutations of the online arrival order. Random is computed analytically by matching the
routing rate of the selected nonlinear SQuARECB.PMSIDE policy. Figure 2a]reports mean realized
total cost with pointwise 95% Student-¢ confidence intervals. The learning curves in Figure [ report
cumulative excess cost relative to a fixed five-fold cross-fitted HGB reference policy. These extend the
results discussed in Sectiond] Each reference probability is produced by an HGB model that excludes
the evaluated example and is used only for evaluation, never as online feedback. Because multiplier
selection and evaluation use the same permutations, all selected-policy results are interpreted as
exploratory tuned comparisons.

Observations From Figure 2 it is evident that, both the linear-logistic and nonlinear HGB
instantiations of SQUARECB.PMSIDE achieve lower mean realized total cost than CBPS1DE, while
the nonlinear HGB variant also outperforms PG-TS. These results illustrate a practical advantage of
the oracle-efficient SQUARECB.PMSIDE formulation: it can incorporate flexible nonlinear prediction
models without modifying the surrounding routing policy. Furthermore, generally ETC is expected to
perform worse due to O(72/%) regret, however here due to limited test data size 12,648 compared to
larger dimension 138, it performs competitively. It is evident in the learning curves as well (Figure ).
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Figure 3: Routing—accuracy trade-off on BoolQ. The horizontal axis reports the fraction of prompts
routed to the strong model, while the vertical axis reports agreement with the cached strong-model
response. Thus, points closer to the upper-left corner are preferable, as they achieve higher agreement
while making fewer strong-model queries. Each marker is the mean over 20 shuffled online orders,
with confidence intervals omitted for visual clarity. Along each curve, the connected markers follow
increasing values £y, € {1.8,2.0,2.2,2.4,2.6,2.8,3.0,3.2,3.3}. Increasing {;; assigns a larger
penalty to an incorrect weak-model response and therefore generally moves the policy toward more
strong-model routing and higher agreement.

Moreover, Figure 3] shows the trade-off between routing accuracy and the rate at which the strong
model is invoked; algorithms achieving higher accuracy at a lower invocation rate are preferable.
SQuaARECB.PMSipE with the HGB model attains the best trade-off among the algorithms compared.

Table 2: Meaning of the multiplier s for each algorithm.

Algorithm Scaled quantity Effect of larger s
CBPsIDE confidence width sw; more exploration
RanDCBPsIDE sampled confidence width sw;  more exploration
SQUARECB.PMSIDE  IGW rate x = /T less exploration

ETC exploration length s 7%/ more exploration
PG-TS prior variance sog more exploration

Additional contextual label-efficient prediction experimental details. Contexts are drawn i.i.d.
as xy ~ Unif([O, 1]10), and a single weight vector w is sampled once from Unif(0,0.1)'° and
normalized so that w; > 0 and ¥, w; = 1; consequently w'z is a convex combination of the
coordinates of 2 and lies in [0, 1] by construction. The binary outcome is the deterministic threshold
yp =1 {U)T:Ct > 0.5}. We evaluate ¢ € {0.1,0.2,0.3,0.4,0.45}; we stop short of ¢ = 0.5 because at
that point the cell of the expert action collapses to a single point: the action becomes degenerate, the
two prediction actions become neighbors, and the game falls outside the non-degenerate class that
our analysis covers. Each experiment uses horizon 7' = 3000 and is repeated over 20 independent
seeds, and for each policy and each ¢ we select s € {0.1,0.3,1, 3,10} by minimizing mean total cost
over those 20 paired seeds. Each method has exactly one exploration parameter. To place them
on a common footing we scale each by a shared multiplier s, sweeping s € {0.1,0.3,1,3,10} as
summarised in Table 2] Furthermore, The random baseline instead routes each query to the strong
model with a fixed probability, independent of context, swept over {0,0.2,0.4,0.6,0.8,1}.
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Figure 4: Cumulative empirical regret, measured as excess realized cost relative to the fixed five-fold
cross-fitted HGB reference policy, for each value of £y;. Curves show means over 20 paired random
arrival orders, and shaded regions are pointwise 95% Student-¢ confidence intervals. Lower values
are better; negative regret indicates that the online policy incurs lower realized cost than the fixed
reference policy.
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Figure 5: Cumulative regret against round ¢ for each value of the information cost ¢, with every
algorithm at its best multiplier. Shaded bands are 95% Student-¢ confidence intervals for the mean
over 20 seeds.

Observations  Figure [2b|shows total cost as a function of ¢, and Figure [3] the learning curves for all
compared algorithms across the full sweep. These extend the results discussed in Section 4]

F ALGORITHM FOR Lq-DECREASING TREE CONSTRUCTION

Given a locally observable game G = (L, ®) and an outcome distribution ¢ € A(d), we denote
¢, = e} Lq for the loss of action a under the outcome distribution ¢. Since a partial monitoring
game can be represented as a neighborhood graph (II, £), we can construct a spanning in-tree 7 € €
rooted at the action with the smallest loss & € arg min,.; ¢,. The following algorithm constructs an
Lg-decreasing in-tree by selecting each action’s best neighbor to be its parent, then constructing the
in-tree 7 with the selected neighbors as edges.

Algorithm 5 Constructing an Lg-decreasing in-tree by selecting each action’s parent

1: Input: A locally observable game G = (L, ®), its neighborhood graph (II, ), and q € A(d).
2: Output: A spanning in-tree 7 ¢ £ with root roots = @ such that Lq is 7 -decreasing.
3: For each a € II, compute £, = e} Lq, and choose the root d € arg min .y .
4: Choose ¢° € ri(C; ), which is the relative interior of the cell Cj.
5: Initialize 7 < @.
6: foreacha eI~ {a} do
7:  Find the best neighbors B, < argmin, , y)cg fb-
8:  Choose pary(a) € argmin,. g e; Lq°, breaking any remaining ties arbitrarily.
9: T <« Tu{(a,pars(a))}.
10: end for
11: return the in-tree 7 with roots = a.

The proof of such an Lg-decreasing in-tree construction is provided in |Lattimore & Szepesvari| [2020]
Lemma 19].

G AUXILIARY LEMMATA
Lemma G.1 (Pareto optimal comparators suffice). For every ¢ € A(d),

min AN Lg=mine' Lg=mine' Lg= min \"Lg.
AeA(II) 4= T Gt aelk] @ a AeA(k) q
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Proof. A linear function on a simplex attains its minimum at a vertex, which gives the outer two
equalities, so it suffices to show Ugerr Co = A(d). The cells cover A(d) by Definition and
Uagrr Cq 1s a finite union of polytopes of dimension at most d — 2, hence has empty interior relative to
the (d — 1)-dimensional set A(d). So Uger1 C,, is dense in A(d); being a finite union of closed sets it
is closed, and therefore equals A(d). O

Theorem (Regret concentration generalized from [Qin & Zhang| [2026a]]). Let A be a set of
policies, £(- | ) : A — [0, 1] a value function and £* (- | z) and L;(- | z), £ € [ L] are value functions
measured under the true model and estimated models respectively. A* € A and M¢ € A are respectively
the optimal policies under respective true and estimated models. Let Cy : A x A - R, be coverage
maps, py € A are decisions, 0 < y; <79 < --+ < g, learning rates, and V, Ey > 0 numbers such that,

(C1) (certificate) for every £ > 1 and every A € A,
Lolpe | 2) - To(M | 2) + %cg(p@,x) <V
(C2) (off-policy evaluation) for every £ > 2 and every A € A,
‘Ee()\ —pe1|x) =LA =pea | I)‘ < GLW Co-1(pe-1, ) + % E,.

Define G := 1 and, for £ > 2,

. 1 £
VG = Ye-1Goo1 +Ye-1 Vet + 97 B, ie.  Gy= ” l% + 2 (i1 Vi + 9%2Ei)] :
£ i=2

Then, for every £ € [L] and every A € A,
Reg(\ | z) < 2Reg,(\ | z) + Gy and Reg,(\| z) < 2Reg(\ | z) + Go. (13)
Consequently Reg(p, | ) < 2Vp + G for every ¢, and

= LT~ Tee
Y (re-Te-1)Reg(pe |z) <+ ), ———
=1 =2 Ve

¢
29 Ve + 71+ Y (e Vier + 9%2Ei)‘| . (14

=2

Proof. We prove Eq. equation [13] by induction on ¢. For ¢ = 1 both inequalities hold with Gy = 1,
since Reg and Reg; take values in [0, 1]. Fix £ > 2 and assume Egq. equationto hold at ¢ - 1.

First, we establish that, for every A, our policy and estimator guarantees Low Regret (LR) and Good
Coverage(GC).

That is, from (C1) for epoch £ — 1, we have
Lor(pror | 2) - Bra (M 2) + % Crr(pe-1, ) € Vs
Loor(pror | 2) = Broa s | 2) = (Ber (M| ) = Byt (R | 2)) + ice_m_l,x) <V
Regy_1(pe-1 | ) + (wl_l Cro1(pe-1,)) - Regy (N | T/)) <V

Above statement is true for all \, including the the case where Reg,_,(\ | 2) = 0 and Cy(pg_1, A) is
always > 0. Hence,

Regy 4 (pe-1 | 2) < Vit (Low Regret (LR))
Also,

1 —
(’yg Cg,l(pg,h)\) - Rengl(/\ | Cﬂ)) < V1.
-1
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Hence,
Co-1(pe-1,\) < o1 I:‘/g_l +Reg, (] x)] . (Good Coverage (GC))
Moreover,
Reg(A [ z) - Regy(A | z)
= L' (A @) - £V | @) - (Ee(M | 2) - LA | 2))
=L (A =pr1 | @) = £V = per | 2) = (EeA = per | 2) = L (s = e | @)
=L" ()\ —Pe-1 | 95) - Ee(/\ — Pe-1 | x) - (/3* (A* —Pe-1 | 96) - Ee(j\e —Pe-1 | 33))
SLY(AN=pe-1 | x) - Zé()‘ —pe-1| ) - (ﬁ* (A =pe1 | ) - Ze()\* ~pe-1 | 3?))
Lo\ | 2) 2 Lo(Ae | )
IE*(A pe-1 | @) - Zz(A Pe-1 | )|+ [L7 (A" = pea Ix) Li(N =piy | )]

< ace 1(pe- 17)\)+ Ee+*C'z 1(pe-1, X” )+ Ee (C2)

1
367 I:w 1+Reg£ 1()\|:L'):|+7E£+6

1 — N 3ve
” Ye-1 [Vz,l +Reg,_ (A" | x)] + % E,

( equation (Good Coverage (GC))
3

1 3 1 .
< g e [Viot +2Reg(\ | 2) + Goa ] + % Fe+ g [Viii +2Reg(\" | 2) + G ] + % E,

( equation [[3]true for £ — 1)

1 3 1 3
< —Ye-1 [Dg_l + 2Reg()\ | x) + Gg_l] + ﬂ Eg + — Ye-1 U/g_l + Gg_l] + ﬂ Eg
6 2 6 2
(Reg(A* |z) =0)
1 Ye-1
"3, (Ve-1Ge-1 +Ye-1Vier + 97 Ee) + 3—Reg(/\ | )
1
gReg()\ |x) + = Ge (Ve-1 <)
Hence
— 1 1
Reg(A | z) —Reg,(A\ | z) < gReg()\ | ) + §Gg
2 — 1
gReg()\ | ) < Regp(A\ | z) + gGZ
33— 1
Reg(\ | x) < §Rege(/\ | z) + §Gz
<2Reg,(\| z) + Gy (Step **)
Furthermore,

Regy(A | z) - Reg(\ | z)
=LA @) = Le(Ae | @) = (L (A 2) = L (N | @)
=LiN=po-i | 2) = Le(he = pey | ) — (LA =pe-1 | 2) = L*(A* = pe-1 | 2))
=Lo(A—pe-1|2) =L (A =per | 2) - (Ze(j\z —pe-1|x) = LN = pey | CC))
<E(A-per |2) =L O =per | 2) = (e = pea | 2) = £ (e - per | 7))
(L (Ae | ) > LA | 2))
<LeN =pe-r | @) = L N =pee1 | 2)| +1Le(Ae = pe-i | ) = L5 (Ao = pe-r | @)
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1

< e Co-1(pe- 1,>\)+*Ez+ Ce 1(pe- 1,/\e)+ Ez (C2)
1 1

Sf I:Vz 1+Rege 1(>\|SL‘):|+7E(+ Ye- 1|:Vg 1+Reg¢ 1(/\g|$):|+7Eg
67¢ 6¢

( equation |Good Coverage (GC)))

1 3 1 A 3
S 77@1 [Ve-1 +2Reg(A | @) + G ] + % Ey+ 6774%4 I:Vf—l +2Reg(A¢ | @) + G£71] + % E,

( equation[13]true for £ — 1)

1 3 1 —
< — Y1 [V24 +2Reg(A | z) + Gg,l] L2 Ep+— v [Vg,l +4Reg,(A¢ | ) +2G + Gz,l]
6 2 6ve
el
2

1 3 1 3
= — -1 [Vi-1 + 2Reg(A | ) + Goy | + Byt — [Veer +2Go + Gog ] + % E,

6’)/2 2 6’)/5 .
(Reg,(A¢ | 2) =0)

Ey ( equationﬂzltrue for ¢ (Step **))

1
"3, (Ye-1Gor + 01 Ve + 92 Ey) + ” 1Reg(A @)+ 3 e 1Ge
1 2
< gReg(x\ | z) + gG@ (ve-1 < 7e)

Hence,

Reg,(A] 2) - Reg(A | 2) < sReg(A | 2) + 2 G
Reg, (A | 2) < sReg(A | 2) + > Ge
Reg(A| 2) < SReg,(A] 2) + 5 G

<2Reg,(\| z) + Gy

Finally, we prove the consequences. Apply (C1) at A = ¢, we have

F’{e\gé (pe|x) <V (equation[Low Regret (LR))
= Reg(p¢ | x) < 2Reg(p¢ | ) + Go < 2V, + Gl (By equation|T3)
Summing over epochs, we have
Z Te—Te-1) Reg(pe | x) <71 + Z 70— To-1)(2Ve + Gy) Reg(pr |x) < 1)
£=1 £=2

=2

¢
s
—71+Z = Q’YeVe+’Yl+Z(%‘—1Vi—1+9’Y7;2E¢)],

(By the closed form of G)
which is Eq. equation[T4] O

P-Ql:

be the Hellinger distance, Kullback divergence, fotal variation distance and level-1 norm between P,

@ respectively, then the following holds,
P-Q
% = |P-Q|rv < Du(P|Q)

and,

wﬂw_QHTVS Dx1(P|Q)
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Proof.
|P-@Qlrv < Du(P|Q) ([Tsybakov| [2008], Lemma 2.3)
and,
1P~ Qlrv </De(P]Q) (Msybakov| [2008], Lemma 2.5)
Furthermore,
% =[P -Qlrv (Levin & Peres| [2017], Proposition 4.2)
O

Lemma G.3 (Local observability, Lattimore & Szepesvari| [2020]). If G = (®, L) is locally
observable and non-degenerate and actions e = (a, b) € £ are neighbours, then there exist functions
we(a, ), we(b,-) : X - R such that |w, |, <m/2 and

Loo— Lo = we(a,Pgo) + we (b, Pp,) forall o € [d].

In Lemma|G.3| the assumption of non-degeneracy is important here for |w. |, < m/2 to hold. The
Proposition bounds |w, |, for more general case.

Lemma G.4 (Lattimore & Szepesvaril [2020]). Suppose that (L, ®) is globally observable and a and
b are neighbours. Then there exists a function w, : [k] x ¥ — R such that for all z € [d],

k
Z we(ca q)co) = Lao - Lbo .
c=1

Furthermore, w, can be chosen so that |w, |, < d'/?k%/2.

Lemma G.5 (Water-transfer operator adapted from |Lattimore & Szepesvari/[2020]). Suppose that
G is non-degenerate and locally observable and g € A(d) Assume that we have an in-tree 7 that is
Lq-decreasing. Then there exists a function WqT : A(IT) — A(II) such that the following hold for all
p e A(ID):

(a) The expected loss does not increase: (Wq (p) - p)T Lg<0.
(b) Action probabilities are not too small: Wy (p)[a] > p[a]/k for all a € [k].

(c) Probabilities increase towards the root of the in-tree 7. That is, W (p)[a] < Wy(p)[b] for
alle=(a,b)eT.
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